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GLOBAL LOGARITHMIC STABILITY RESULTS ON THE
CAUCHY PROBLEM FOR ANISOTROPIC WAVE EQUATIONS
MOURAD BELLASSOUED AND MOURAD CHOULLI
Abstract. We discuss the Cauchy problem for anisotropic wave equations.
Precisely, we address the question to know which kind of Cauchy data on the
lateral boundary are necessary to guarantee the uniqueness of continuation of
solutions of an anisotropic wave equation. In the case where the uniqueness
holds, the natural problem that arise naturally in this context is to estimate
the solutions, in some appropriate space, in terms of norms of the Cauchy
data.
We aim in this paper to convert, via a reduced Fourrier-Bros-Iagolnitzer
transform, the known stability results on the Cauchy problem for elliptic equa-
tions to stability results on the Cauchy problem for waves equations. By pro-
ceeding in that way the main difficulty is to control the residual terms, induced
by the reduced Fourrier-Bros-Iagolnitzer transform, by the Cauchy data. Also,
the uniqueness of continuation from Cauchy data is obtained as byproduct of
stability results.
Contents
1. Introduction 1
2. Elliptic Cauchy problem for one parameter family of domains 4
3. Fourier-Bros-Iagolnitzer transform 6
4. Stability of the Cauchy problem for wave equations 13
5. Comments 21
6. A particular case 23
Appendix A. The Cauchy problem for elliptic equations 29
References 40
1. Introduction
What is our objective ? Let Ω be a (smooth) bounded domain of Rn, n ≥ 2
and T > 0. Consider then the anisotropic wave equation with (smooth) matrix
coefficients A(x) = (aij(x)),
(1.1) div(A(x)∇u(x, t)) − ∂2t u(x, t) = 0 in Ω× (−T, T ).
Let ν be the unit normal outward vector field on ∂Ω. Let Γ be an nonempty
open subset of ∂Ω. The Cauchy problem we are interested in can be formulated
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as follows: do the values of u and ∂νu, u a weak solution of the equation (1.1), on
Γ× (−T, T ) determine uniquely u ? If the answer to this question is positive, then
one can ask whether it is possible to estimate a norm of u in Ω × (−T, T ) by a
quantity involving a norm of the Cauchy data of u on Γ× (−T, T ). In other words,
can we quantify the uniqueness of continuation from the Cauchy data ?
The same questions can be addressed in the case of interior data. That is when
the data on Γ× (−T, T ) is substituted by data in ω × (−T, T ), with ω ⋐ Ω.
Main result. Prior to state our main result we introduce some definitions and
notations.
If K is the closure of an nonempty open bounded subset of Rn, n ≥ 2, define,
where 0 < α ≤ 1, the semi-norm [f ]α by
[f ]α = sup
{ |f(x)− f(y)|
|x− y|α ; x, y ∈ K, x 6= y
}
.
Recall that the Hölder space
C0,α(K) = {f ∈ C0(K); [f ]α <∞}
endowed with the norm
‖f‖C0,α(K) = ‖f‖L∞(K) + [f ]α.
is a Banach space.
Consider also
C1,α(K) = {f ∈ C1(K); ∂xjf ∈ C0,α(K), 1 ≤ j ≤ n},
which is a Banach space when it is equipped with its natural norm
‖f‖C1,α(K) = ‖f‖L∞(K) +
n∑
j=1
(‖∂xjf‖L∞(K) + [∂xjf ]α) .
Let Ω be a C∞ bounded domain of Rn, n ≥ 2, and set
Is = (−s, s), s > 0,
Qs = Ω× Is, s > 0,
Jδ = {t ∈ R; (1− δ)T < |t| < T }, 0 < δ < 1,
Rδ = Ω× Jδ, 0 < δ < 1
Σs = Γ× Is,
where Γ is a given nonempty open subset of ∂Ω.
Denote by P the anisotropic wave operator acting on QT as follows
Pu(x, t) = div(A(x)∇u(x)) − ∂2t u(x, t),
where A = (aij) is a symmetric matrix with coefficients inW 1,∞(Ω) for which there
exist κ > 0 and κ ≥ 1 so that
(1.2) κ−1|ξ|2 ≤ A(x)ξ · ξ ≤ κ|ξ|2, x ∈ Ω, ξ ∈ Rn,
and
(1.3)
n∑
k=1
∣∣∣∣∣∣
n∑
i,j=1
∂ka
ij(x)ξiξj
∣∣∣∣∣∣ ≤ κ|ξ|2, x ∈ Ω, ξ ∈ Rn.
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Let
Xα(QT ) = C1,α(QT ) ∩H1(IT , H1(Ω)),
Yα(QT ) = H2(IT , H2(Ω)) ∩H3(IT , H1(Ω)) ∩ Xα(QT ).
These spaces are endowed with their natural norms as intersections of Banach
space that we define as follows: if X = X0 ∩ X1 is the intersection of two Banach
spaces, we equip X with the norm
‖x‖X = ‖x‖X0 + ‖x‖X1 .
In the sequel by Hℓ(Γ), ℓ ≥ 0, we mean the quotient space
Hℓ(Γ) = {φ = ψ|Γ; ψ ∈ Hℓ(∂Ω)},
that we equip with its natural quotient norm
‖φ‖Hℓ(Γ) = min{‖ψ‖Hℓ(Γ), ψ ∈ Hℓ(∂Ω) such that ψ|Γ = φ}.
We also use the usual Lions-Magenes’s notation
H1,1(ΣT ) = L
2(IT , H
1(Γ)) ∩H1(IT , L2(Γ)).
For u ∈ Yα(QT ), set
N (u) = ‖u‖Yα(QT ),
D(u) = ‖Pu‖H1(IT ,L2(Ω)),
Dδ(u) = ‖u‖H3(Jδ/2,H3/2(∂Ω)) + ‖∂νu‖H1(Jδ/2,L2(∂Ω))
+ ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ).
Let
d = sup
y∈Ω
inf
x∈∂Ω
d(x, y),
with
d(x, y) = inf{L(γ); γ : [0, 1]→ Ω, C1-piecewise path so that γ(0) = x, γ(1) = y},
where L(γ) denotes the length of γ.
For k ≥ 2 an integer, define ek as follows
ek = exp ◦ exp ◦ . . . ◦ exp (k-times),
where exp is the usual exponential function.
We aim in the present work to prove the following result.
Theorem 1.1. Let s ∈ (0, 1/2), T0 > d, d <
√
8 ρ < T0 and 0 < ρ < ρ. There
exist two constants C > 0 and c > 0, only depending on Ω, T0, κ, κ, ρ, ρ, s and
α, so that, for any T ≥ T0, δ ∈ [
√
8 ρ/T,
√
8 ρ/T ] and u ∈ Yα(QT ), we have
(1.4) C‖u‖L2(IT ,H1(Ω)) ≤ δsN (u) + e3
(
cδ−14
) (D(u) +Dδ(u)) .
Theorem 1.1 is to our knowledge the first stability result on the Cauchy problem
for anisotropic wave equations. However, as one can see in the statement of Theorem
1.1, we do not succeed in solving completely the problem in all its generality. It is
still an open problem even under a geometric condition on Γ.
We point out that global logarithmic stability result on the Cauchy problem
for an anisotropic heat equation was recently proved by second author and M.
Yamamoto [10]. Here the problem is solved directly.
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For both the heat and the wave equations, the main difficulty comes from the
fact that the data at the end points of the time interval is not known. Another
difficulty that arises for the wave equation is that we have to deal with the residual
terms induced by the Fourrier-Bros-Iagolnitzer transform.
The situation is very different in the case of anisotropic elliptic equations for
which we have global (single) logarithmic stability result. This result is the best
possible that can be obtained in the general case. Indeed, we know since Hadamard
that the Cauchy problem for elliptic equations is ill-posed in the sense that there is
no hope to get a Lipschitz (or even Hölder) stability estimate. Precisely, Hadamard
[11, page 33] gave an example in which the stability is exactly logarithmic. Some
references and comments concerning the elliptic Cauchy problem are provided in
Section 2.
We point out that, under an additional “smallness” condition of the coefficient
of the matrix A, we can improve Theorem 1.1 (see Theorem 6.1 for more details).
Outline. The rest of this text is organized as follows. Section 2 is mainly devoted
to stability results on the Cauchy problem for anisotropic elliptic equations in a
form adapted to our approach for studying the Cauchy problem for wave equations.
Precisely, we need a stability result on an elliptic Cauchy problem which is uniform
with respect to one parameter family of domains.
In Section 3, we give some results on the reduced Fourrier-Bros-Iagolnitzer trans-
form that are necessary to convert the stability results on the Cauchy problem for
elliptic equations to stability results on the Cauchy problem for wave equations.
We prove Theorem 1.1 in Section 4. We give in Section 5 comments concerning
a variant of Theorem 1.1. We discuss in Section 6 an improvement of the general
stability result when we impose a “smallness” condition on the coefficients of A.
For convenience we added in Appendix A a self-contained proof of a stability
result on the elliptic Cauchy problem. Our analysis relies essentially on three-
ball inequalities, for both solutions and their gradient, that are obtained using a
Carleman inequality proved in [8]. We take this opportunity to improve and extend
the results obtained by the second author in [8].
2. Elliptic Cauchy problem for one parameter family of domains
Let D be a bounded domain of Rd, d ≥ 2 with Lipschitz boundary and consider
the elliptic operator L acting on D as follows
Lu(x) = div(A(x)∇u(x)),
where A = (aij) is a symmetric matrix with coefficients in W 1,∞(D) for which
there exist κ > 0 and κ ≥ 1 so that
(2.1) κ−1|ξ|2 ≤ A(x)ξ · ξ ≤ κ|ξ|2, x ∈ D, ξ ∈ Rd,
and
(2.2)
d∑
k=1
∣∣∣∣∣∣
d∑
i,j=1
∂ka
ij(x)ξiξj
∣∣∣∣∣∣ ≤ κ|ξ|2, x ∈ D, ξ ∈ Rd.
Theorem 2.1. Let C be a nonempty open subset of ∂D and let 0 < α ≤ 1. There
exist C > 0, c > 0 and β > 0, only depending on D, κ, κ, α and C, so that, for
any u ∈ C1,α(D) satisfying Lu ∈ L2(D) and 0 < ǫ < 1, we have
(2.3) C‖u‖H1(D) ≤ ǫβ‖u‖C1,α(D) + ec/ǫ
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D)) .
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This theorem was already proved in [8] under an additional geometric condition
on the domain. For completness we provide a detailed proof of Theorem 2.1 in
Appendix A. There is a substantial literature on elliptic Cauchy problems in differ-
ent forms with various assumptions. We just quote here the following few recent
references [1, 2, 5, 6, 17] (see also [7] for non stationary Stokes problem and [4, 10]
for the parabolic case).
In order to tackle the Cauchy problem for the wave equation with need a variant
of Theorem 2.1 with uniform constants for a family of domains of the form Qρ =
Ω× (−ρ, ρ), where ρ belongs to some interval of the real line, and Ω is a bounded
Lipschitz domain Rn−1, n ≥ 2.
Fix 0 < ρ < ρ and assume that (2.1) and (2.2) hold with D = Qρ. If ρ ∈ [ρ, ρ],
then define aijρ as follows
aijρ (x
′, xn) = aij(x′, ρxn), (x′, xn) ∈ Q1, 1 ≤ i, j ≤ n− 1,
ainρ (x
′, xn) =
1
ρ
ain(x
′, ρxn), (x′, xn) ∈ Q1, 1 ≤ i ≤ n− 1,
annρ (x
′, xn) =
1
ρ2
ann(x
′, ρxn), (x′, xn) ∈ Q1.
Set Aρ = (a
ij
ρ ). In light of (2.1) and (2.2) for D = Qρ, we have
(2.4) κ−1min(1, ρ−2)|ξ|2 ≤ Aρ(x)ξ · ξ ≤ κmax(1, ρ−2)|ξ|2, x ∈ Q1, ξ ∈ Rn,
and
(2.5)
n∑
k=1
∣∣∣∣∣∣
n∑
i,j=1
∂ka
ij
ρ (x)ξiξj
∣∣∣∣∣∣ ≤ κmax(1, ρ−2)|ξ|2, x ∈ Q1, ξ ∈ Rn.
The proof of (2.5) is obvious, while (2.4) follows readily by noting that
Aρ(x)ξ · ξ = A(x′, ρxn)(ξ′, ρ−1ξn) · (ξ′, ρ−1ξn).
Define Lρ the elliptic operator acting on Qρ as follows
Lρv(x) = div(Aρ(x)∇v(x)).
Let u ∈ C∞(Qρ) and set v(x′, xn) = u(x′, ρxn), (x′, xn) ∈ Q1. Then straightfor-
ward computations lead
‖v‖L2(Q1) = ρ−1/2‖u‖L2(Qρ),(2.6)
‖∇v‖L2(Q1) ≥ ρ−1/2min(1, ρ)‖∇u‖L2(Qρ),(2.7)
‖Lρv‖L2(Q1) = ρ−1/2‖Lu‖L2(Qρ)(2.8)
Similarly, if Γ is a nonempty open subset of ∂Ω and Σρ = Γ × (−ρ, ρ) then we
have
‖v‖L2(Σ1) = ρ−1/2‖u‖L2(Σρ),(2.9)
‖∇v‖L2(Σ1) ≤ ρ−1/2max(1, ρ)‖∇u‖L2(Σρ);(2.10)
Identities and inequalities (2.6) to (2.10) at hand we can apply Theorem 2.1. We
get
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Theorem 2.2. Let Γ be a nonempty open subset of ∂Ω and let 0 < α ≤ 1. Fix
0 < ρ < ρ. Then there exist C > 0, c > 0 and β > 0, only depending on D, κ, κ, α,
Γ, ρ and ρ so that, for any ρ ∈ [ρ, ρ], for any u ∈ C1,α(Qρ) satisfying Lu ∈ L2(Qρ),
and 0 < ǫ < 1, we have
C‖u‖H1(Qρ) ≤ ǫβ‖u‖C1,α(Qρ)(2.11)
+ ec/ǫ
(‖u‖L2(Σρ) + ‖∇u‖L2(Σρ) + ‖Lu‖L2(Qρ)) .
3. Fourier-Bros-Iagolnitzer transform
The Fourier-Bros-Iagolnitzer transform is a useful tool to transfer results from an
elliptic equation to a wave equation. This transform is well known in control theory
community (see for instance [15, 18, 19]). In the present section we demonstrate
some results concerning this transform that are necessary to establish our stability
results on the Cauchy problem for waves equations.
Fix 0 < δ < 1 and t0 ∈ I(1−δ)T and pick χ ∈ C∞0 (IT ) so that 0 ≤ χ ≤ 1, χ = 1
on I(1−δ/2)T and
|χ′| ≤ ̟(δT )−1, |χ′′| ≤ ̟(δT )−2,
for some universal constant ̟.
Define, for (x, τ) ∈ QδT/√8 and λ > 0, the reduced Fourier-Bros-Iagolnitzer
transform as follows
[Fλ,t0f ](x, τ) =
ˆ
R
e−λ(iτ−(t−t0))
2/2χ(t)f(x, t)dt
= eλτ
2/2
ˆ
R
e−λ[(t−t0)
2−2iτ(t−t0)]/2χ(t)f(x, t)dt.
Lemma 3.1. (i) If f ∈ C∞0 (QT ) then
(3.1) ‖Fλ,t0f‖L2(QδT/√8) ≤ 21/4Teλ(δT )
2/16‖f‖L2(QT ).
In particular, Fλ,t0 is extended as a bounded operator from L
2(QT ) into L
2(QδT/
√
8).
(ii) Let f ∈ C∞0 (ΣT ). Then
(3.2) ‖Fλ,t0f‖L2(ΣδT/√8) ≤ 21/4Teλ(δT )
2/16‖f‖L2(ΣT ).
Therefore, Fλ,t0 is extended as a bounded operator from L
2(ΣT ) into L
2(ΣδT/
√
8).
Proof. (i) For f ∈ C∞0 (QT ), we have
|[Fλ,t0f ](x, τ)| ≤ eλτ
2/2
ˆ
R
e−λ(t−t0)
2/2χ(t)|f(x, t)|dt.
As ˆ
R
e−λ(t−t0)
2/2χ(t)|f(x, t)|dt ≤
ˆ T
−T
e−λ(t−t0)
2/2|f(x, t)|dt ≤
ˆ T
−T
|f(x, t)|dt,
we get by applying Cauchy-Schwarz’s inequality
|[Fλ,t0f ](x, τ)|2 ≤ 2Teλτ
2
ˆ T
−T
|f(x, t)|2dt.
Whence
‖Fλ,t0f‖L2(QδT/√8) ≤
√
δT
21/4
√
2Teλ(δT )
2/16‖f‖L2(QT )
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as expected.
(ii) The proof is quite similar to that of (i). 
Lemma 3.2. (i) Let f ∈ H1(IT , L2(Ω)), we have
(3.3) ∂τFλ,t0f = iFλ,t0(∂tf) + kλ,t0 ,
the function kλ,t0 ∈ L2(QδT/√8) satisfies
(3.4) ‖kλ,t0‖L2(QδT/√8) ≤ ̟e−λ(δT )
2/16‖f‖L2(Rδ/2).
(ii) For f ∈ H2(IT , L2(Ω)), we have
(3.5) ∂2τFλ,t0f = −Fλ,t0(∂2t f) + gλ,t0 ,
the function gλ,t0 ∈ L2(QδT/√8) satisfies
(3.6) ‖gλ,t0‖L2(QδT/√8) ≤ 2̟(2T + 1)(δT )−1e−λ(δT )
2/16‖f‖H1(Jδ/2,L2(Ω)).
Proof. We prove (ii). The proof of (i) can be easily deduced from that of (ii).
By density, it is sufficient to prove (3.5) and (3.6) when f ∈ C∞0 (QT ). In light
of the relation
∂τe
−λ(iτ−(t−t0))2/2 = −i∂te−λ(iτ−(t−t0))2/2,
we get
∂τ [Fλ,t0f ](x, τ) = −i
ˆ
R
∂te
−λ(iτ−(t−t0))2/2χ(t)f(x, t)dt.
Making an integration by parts in the right hand side, we obtain
∂τ [Fλ,t0f ](x, τ) = i
ˆ
R
e−λ(iτ−(t−t0))
2/2∂t[χ(t)f(x, t)]dt.
An iteration of this formula then yields
∂2τ [Fλ,t0f ](x, τ) = −
ˆ
R
e−λ(iτ−(t−t0))
2/2∂2t [χ(t)f(x, t)]dt.
In consequence
∂2τFλ,t0f = −Fλ,t0(∂2t f) + gλ,t0 ,
where
gλ,t0(x, τ) = −
ˆ
R
e−λ(iτ−(t−t0))
2/2[2χ′(t)∂tf(x, t) + χ′′(t)f(x, t)]dt.
We have similarly
|gλ,t0(x, τ)| ≤ eλτ
2/2
ˆ
R
e−λ(t−t0)
2/2|2χ′(t)∂tf(x, t) + χ′′(t)f(x, t)|dt.
But
suppχ′, suppχ′′ ⊂ JδT/2
and
|t− t0| ≥ δT/2, if t ∈ JδT/2.
Hence
(3.7) |gλ,t0(x, τ)| ≤ ̟eλτ
2/2(2T+1)(δT )−2e−λ(δT )
2/8
ˆ
Jδ/2
[|∂tf(x, t)|+|f(x, t)|]dt.
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We proceed as above in order to obtain
‖gλ,t0‖L2(QδT/√8)
≤ ̟(2T + 1)(δT )−1e−λ(δT )2/16
(
‖f‖2L2(Rδ/2) + ‖∂tf‖2L2(Rδ/2)
)1/2
.
That is we have
‖gλ,t0‖L2(QδT/√8) ≤ ̟(2T + 1)(δT )−1e−λ(δT )
2/16‖f‖H1(Jδ/2,L2(Ω)).
This is the expected inequality. 
Lemma 3.3. Let λ0 > 0. For any f ∈ Cj,α(QT ), j = 0 or j = 1, and λ ≥ λ0, we
have
(3.8) ‖Fλ,t0f‖Cj,α(QδT/√8) ≤ Cλδ
−jeλ(δT )
2/16‖f‖Cj,α(QT ),
where
C = 3(1 +̟)max
[
1
λ0
,
(
T
2
)1−α]
.
Proof. Consider first the case j = 0. Pick (x1, τ1), (x2, τ2) ∈ Q(δT )/√8. Then we
have
Fλ,t0f(x1, τ1)−Fλ,t0f(x2, τ2) =
ˆ
R
e−λ(iτ1−(t−t0))
2/2χ(t)[f(x1, t)− f(x2, t)]dt
+
ˆ
R
[
e−λ(iτ1−(t−t0))
2/2 − e−λ(iτ2−(t−t0))2/2
]
χ(t)f(x2, t)dt.
Elementary computations show∣∣∣∣ˆ
R
e−λ(iτ1−(t−t0))
2/2χ(t)[f(x1, t)− f(x2, t)]dt
∣∣∣∣(3.9)
≤ 2Teλ(δT )2/16|x1 − x2|α‖f‖C0,α(QT ).
On the other hand, since
e−λ(iτ1−(t−t0))
2/2 − e−λ(iτ2−(t−t0))2/2
= −iλ(τ1 − τ2)
ˆ 1
0
e−λ(i(τ2+ρ(τ1−τ2))−(t−t0))
2/2(i(τ2 + ρ(τ1 − τ2))− (t− t0))dρ,
we have
(3.10)
∣∣∣e−λ(iτ1−(t−t0))2/2 − e−λ(iτ2−(t−t0))2/2∣∣∣ ≤ 5
2
λ|τ1 − τ2|Teλ(δT )2/16.
Using (3.9) and (3.10), we get
[Fλ,t0f ]α ≤ 3max
[
1
λ0
,
(
T
2
)1−α]
λTeλ(δT )
2/16‖f‖C0,α(QT ).
But
‖Fλ,t0f‖L∞(QδT/√8) ≤ 2Teλ(δT )
2/16‖f‖L∞(QT ).
Whence
‖Fλ,t0f‖C0,α(QδT/√8) ≤ 3max
[
1
λ0
,
(
T
2
)1−α]
λTeλ(δT )
2/16‖f‖C0,α(QT ).
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Next, we proceed to the proof of j = 1. In light of the following formula, that
we established above,
∂τ [Fλ,t0f ](x, τ) = i
ˆ
R
e−λ(iτ−(t−t0))
2/2[χ′(t)f(x, t) + χ(t)∂tf(x, t)]dt,
we have
[∂τFλ,t0f ]α ≤ 3̟max
[
1
λ0
,
(
T
2
)1−α]
λδ−1eλ(δT )
2/16‖f‖C0,α(QT )
+ 3max
[
1
λ0
,
(
T
2
)1−α]
Tλeλ(δT )
2/16‖∂tf‖C0,α(QT )
and
‖∂τFλ,t0f‖L∞(QT/√8) ≤ 2Teλ(δT )
2/16
(‖∂tf‖L∞(QT ) +̟(δT )−1‖f‖L∞(QT )) .
Proceeding as above, we see that we have also
[
∂xjFλ,t0f
]
α
≤ 3max
[
1
λ0
,
(
T
2
)1−α]
λTeλ(δT )
2/16‖∂xjf‖C0,α(QT ), 1 ≤ j ≤ n.
and
‖∂xjFλ,t0f‖L∞(QT/√8) ≤ 2Teλ(δT )
2/16‖∂xjf‖L∞(QT ), 1 ≤ j ≤ n.
We conclude that
‖Fλ,t0f‖C1,α(QδT/√8) ≤ Cλδ
−1eλ(δT )
2/16‖f‖C1,α(QT ).
The proof is then complete. 
Lemma 3.4. For fixed λ0 > 0, T0 > 0, there exists a constant C > 0 only depending
on λ0 and T0 so that, for any λ ≥ λ0, T ≥ T0, f ∈ H1(IT , H1(Ω)) and t0 ∈ I(1−δ)T ,
we have
C‖f(·, t0)‖H1(Ω) ≤ λ3/4‖Fλ,t0(f)‖L2(IδT/√8,H1(Ω))(3.11)
+ δ−3/2λ−1/4‖f‖H1(IT ,H1(Ω)).
Proof. By density it is enough to give the proof for an arbitrary f ∈ C∞(QT ).
Pick then f ∈ C∞(QT ) and let hλ = Fλ,t0f . Then, where F denotes the Fourier
transform,
e−τ
2/(2λ)+iτt0hλ (· , τ/λ) =
ˆ
R
eiτt
[
e−λ(t−t0)
2/2χ(t)f(·, t)
]
dt
= 2πF−1
[
e−λ(t−t0)
2/2χ(t)f(·, t)
]
(τ).
Therefore, where x ∈ Ω is arbitrary,
(3.12) e−λ(t−t0)
2/2χ(t)f(x, t) =
1
2π
ˆ
R
e−iτte−τ
2/(2λ)+iτt0hλ (x, τ/λ) dτ.
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We find by applying Plancherel-Parseval’s inequality and then making the change
of variable τ = λρ
‖e−λ(t−t0)2/2χf(x, · )‖L2(R) = 1√
2π
∥∥∥e−τ2/(2λ)hλ (x, ·/λ)∥∥∥
L2(R)
(3.13)
=
√
λ√
2π
∥∥∥e−λτ2/2hλ(x, ·)∥∥∥
L2(R)
.
In particular
(3.14)
∥∥∥e−λτ2/2hλ(x, ·)∥∥∥
L2(R)
≤
√
2π√
λ
‖f(x, · )‖L2(IT ),
from which we deduce that
(3.15)
∥∥∥e−λτ2/2Fλ,t0(f)∥∥∥
L2(Ω×R)
≤
√
2π√
λ
‖f‖L2(QT ).
Again, the change of variable τ = λρ in (3.12) yields
(3.16) e−λ(t−t0)
2/2χ(t)f(x, t) =
λ
2π
ˆ
R
e−iλτte−λτ
2/2+iλτt0hλ(x, τ)dτ.
Hence, we get by taking t = t0 in (3.16),
f(x, t0) =
λ
2π
ˆ
R
e−λτ
2/2hλ(x, τ)dτ.
We decompose f(x, t0) into two terms: f(x, t0) = f1(x, t0) + f2(x, t0) with
f1(x, t0) =
λ
2π
ˆ
|τ |≤δT/√8
e−λτ
2/2hλ(x, τ)dτ.
f2(x, t0) =
λ
2π
ˆ
|τ |>δT/√8
e−λτ
2/2hλ(x, τ)dτ.
Applying again Cauchy-Schwaz’s inequality in order to obtain
|f1(x, t0)|2 ≤
(
λ2
4π2
ˆ
|τ |≤δT/√8
e−λτ
2
dτ
)(ˆ
|τ |≤δT/√8
|hλ(x, τ)|2dτ
)
≤ λ
2
4π2
√
π√
λ
‖h(x, ·)‖2L2(IδT/√8).
Here, we used that
ˆ
|τ |≤δT/√8
e−λτ
2
dτ ≤
ˆ
R
e−λτ
2
dτ =
1√
λ
ˆ
R
e−s
2
ds =
√
π√
λ
.
Therefore
(3.17) ‖f1(·, t0)‖L2(Ω) ≤ λ
3/4
2π3/4
‖hλ‖L2(QδT/√8).
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On the other hand, we have, again according to Cauchy-Schwaz’s inequality,
|e−λτ2/2hλ(x, τ)|2 ≤
(ˆ
R
e−λ(t−t0)
2/2χ(t)|f(x, t)|dt
)2
≤
(ˆ
R
e−λ(t−t0)
2
χ(t)dt
)(ˆ
R
χ(t)|f(x, t)|2dt
)
≤ 1√
λ
(ˆ
R
e−s
2
χ(s/
√
λ+ t0)ds
)(ˆ
R
χ(t)|f(x, t)|2dt
)
≤ 1√
λ
(ˆ
R
e−s
2
ds
)(ˆ
R
χ(t)|f(x, t)|2dt
)
≤
√
π√
λ
ˆ
R
χ(t)|f(x, t)|2dt.
Whence
(3.18) |e−λτ2/2hλ(x, τ)| ≤ π
1/4
λ1/4
‖f(x, ·)‖L2(IT ).
In light of (3.18), we obtain by making an integration by parts
f2(x, t0) = − λ
2π
ˆ
|τ |>(δT )/√8
1
λτ
∂τ (e
−λτ2/2)hλ(x, τ)dτ
=
√
2(δT )−1
π
e−λ(δT )
2/16
(
hλ(x,−δT/
√
8) + hλ(x, δT/
√
8)
)
− 1
2π
ˆ
|τ |>(δT )/√8
1
τ2
e−λτ
2/2hλ(x, τ)dτ
+
1
2π
ˆ
|τ |>(δT )/√8
1
τ
e−λτ
2/2∂τhλ(x, τ)dτ.
We write f2(x, t0) = g1(x, t0) + g2(x, t0) + g3(x, t0), where
g1(x, t0) =
√
2(δT )−1
π
e−λ(δT )
2/16
(
hλ(x,−δT/
√
8) + hλ(x, δT/
√
8)
)
,
g2(x, t0) = − 1
2π
ˆ
|τ |>(δT )/√8
1
τ2
e−λτ
2/2hλ(x, τ)dτ,
g3(x, t0) =
1
2π
ˆ
|τ |>(δT )/√8
1
τ
e−λτ
2/2∂τhλ(x, τ)dτ.
It follows from (3.18)
|g1(x, t0)| ≤ 2
√
2
π3/4λ1/4
(δT )−1‖f(x, ·)‖L2(IT ),
|g2(x, t0)| ≤
√
2
π3/4λ1/4
(δT )−1‖f(x, ·)‖L2(IT ).
Hence
‖g1(·, t0)‖ ≤ 2
√
2
π3/4λ1/4
(δT )−1‖f‖L2(QT ),(3.19)
‖g2(·, t0)‖ ≤
√
2
π3/4λ1/4
(δT )−1‖f‖L2(QT ).(3.20)
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From the proof of Lemma 3.2
∂τhλ(x, τ) = iFλ,t0(∂tf)(x, τ) + kλ(x, τ),
with
kλ(x, τ) = i
ˆ
R
e−λ(iτ−(t−t0))
2/2χ′(t)f(x, t)dt.
Proceeding similarly as for hλ, we find
e−λ(t−t0)
2/2χ′(t)f(x, t) =
1
2π
ˆ
R
e−iτte−τ
2/(2λ)+iτt0kλ (x, τ/λ) dτ.
Then, once again, Plancherel-Parseval’s inequality and the change of variable τ =
λρ yield
‖e−λ(t−t0)2/2χ′f(x, · )‖L2(R) = 1√
2π
∥∥∥e−τ2/(2λ)kλ (x, ·/λ)∥∥∥
L2(R)
=
√
λ√
2π
∥∥∥e−λτ2/2kλ(x, ·)∥∥∥
L2(R)
.
As |χ′| ≤ ̟(δT )−1, we get in a straightforward manner
(3.21)
∥∥∥e−λτ2/2kλ∥∥∥
L2(Ω×R)
≤ ̟
√
2π√
λ
(δT )−1‖f‖L2(QT ).
In light of (3.15) with f substituted by ∂tf and (3.21) we obtain
(3.22)
∥∥∥e−λτ2/2∂τhλ∥∥∥
L2(Ω×R)
≤
√
2π√
λ
‖∂tf‖L2(QT ) +
̟
√
2π√
λ
(δT )−1‖f‖L2(QT ).
Cauchy-Schwarz’s inequality then yields
|g3(x, t0)|2 = 1
(2π)2
(ˆ
|τ |>(δT )/√8
1
τ2
dτ
)(ˆ
|τ |>(δT )/√8
e−λτ
2|∂τhλ(x, τ)|2dτ
)
≤
√
8
(2π)2
(δT )−1
ˆ
R
e−λτ
2 |∂τhλ(x, τ)|2dτ.
This and (3.22) give
(3.23) ‖g3(·, t0)‖L2(Ω) ≤ 2
1/4(δT )−1/2√
π
1√
λ
(‖∂tf‖L2(QT ) + (δT )−1‖f‖L2(QT )) .
Let λ0 be given. Putting together (3.17), (3.19), (3.20) and (3.23) we see that there
exists a constant C > 0, depending only on λ0 and T0, so that, for any λ ≥ λ0, we
have
(3.24) C‖f(·, t0)‖L2(Ω) ≤ λ3/4‖Fλ,t0(f)‖L2(QδT/√8) + δ−3/2λ−1/4‖f‖H1(IT ,L2(Ω)).
Noting that ∂i and Fλ,t0 commute, we find by substituting in (3.24) f by ∂if ,
1 ≤ i ≤ n,
C‖∂if(·, t0)‖L2(Ω) ≤ λ3/4‖∂iFλ,t0(f)‖L2(QδT/√8)(3.25)
+ δ−3/2λ−1/4‖∂if‖H1(IT ,L2(Ω)).
The expected inequality follows readily from (3.24) and (3.25). 
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4. Stability of the Cauchy problem for wave equations
We prove Theorem 1.1 in several steps. We recall for convenience that
Xα(QT ) = C1,α(QT ) ∩H1(IT , H1(Ω))
is endowed with its natural norm as an intersection of two Banach spaces, and P
is the anisotropic wave operator acting on QT as follows
Pu(x, t) = div(A(x)∇u(x, t)) − ∂2t u(x, t),
where A = (aij) is a symmetric matrix, with coefficients in W 1,∞(Ω) satisfy (1.2)
and (1.3).
Henceforward, the gradient with respect to both variables (x, t) and (x, τ) is
denoted by ∇ ; while the gradient with respect to x is denoted by ∇′.
Given T ≥ T0 > 0, we fix 0 < ρ < ρ < T0/
√
8 and set
δ =
√
8 ρ
T
, δ =
√
8 ρ
T
, I =
[
δ, δ
]
.
Of course δ = δ(ρ, T ) and δ = δ(ρ, T ).
Proposition 4.1. Let T0 > 0. There exist two constant C > 0 and c > 0, only
depending on Ω, κ, κ, ρ, ρ, T0 and α, so that, for any T ≥ T0, u ∈ C1,α(QT ) ∩
H2(QT ), δ ∈ I and t0 ∈ I(1−δ)T , we have
C‖u(·, t0)‖H1(Ω) ≤ δ2‖u‖Xα(QT )
+ e2(cδ
−14)
(
‖Pu‖L2(QT ) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ) + ‖u‖H1(Jδ/2,L2(Ω))
)
.
Proof. Set vλ(x, τ) = Fλ,t0u(x, τ). Then
Lvλ = Fλ,t0(Pu) + wλ,
where
Lw(x, τ) = div(A(x)∇w(x, τ)) + ∂2τw(x, τ).
and
wλ(x, τ) = −
ˆ
R
e−λ(iτ−(t−t0))
2/2 [2χ′(t)∂tu(x, t) + χ′′(t)u(x, t)] dt.
The results in Lemma 3.1 and Lemma 3.2 enable us to get
‖Lvλ‖L2(QδT/√8) + ‖vλ‖L2(ΣδT/√8) + ‖∇vλ‖L2(ΣδT/√8)
≤
√
2Teλ(δT )
2/16
(‖Pu‖L2(QT ) + ‖u‖L2(ΣT ) + ‖∇u‖L2(ΣT ))
+ 2̟(2T + 1)(δT )−1e−λ(δT )
2/16‖u‖H1(Jδ/2,L2(Ω))
and, according to (3.8),
(4.1) ‖vλ‖C1,α(QδT/√8) ≤ C0λδ
−1eλ(δT )
2/16‖u‖C1,α(QT ),
where
C0 = 3(1 +̟)max
[
1
λ0
,
(
T
2
)1−α]
.
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We get by applying Theorem 2.2
C‖vλ‖H1(QδT/√8)(4.2)
≤ T 1/2ec/ǫeλ(δT )2/16 (‖Pu‖L2(QT ) + ‖u‖L2(ΣT ) + ‖∇u‖L2(ΣT ))
+ Tec/ǫδ−1e−λ(δT )
2/16‖u‖H1(Jδ/2,L2(Ω))
+ T 1−αǫβδ−1λeλ(δT )
2/16‖u‖C1,α(QT ).
Here and until the end of this proof C > 0 is a generic constant only depending on
Ω, T0, κ, κ, ρ, ρ and α.
On the other hand, we have from (3.11), for λ ≥ λ0 = 16/T 2,
(4.3) C‖u(·, t0)‖H1(Ω) ≤ λ3/4‖vλ‖L2(IδT/√8,H1(Ω)) + δ
−3/2λ−1/4‖u‖Xα(QT ).
Then a combination of (4.2) and (4.3) gives
C‖u(·, t0)‖H1(Ω)
≤ T 1/2λ3/4ec/ǫeλ(δT )2/16 (‖Pu‖L2(QT ) + ‖u‖L2(ΣT ) + ‖∇u‖L2(ΣT ))
+ Tλ3/4ec/ǫδ−1e−λ(δT )
2/16‖u‖H1(Jδ/2,L2(Ω))
+
(
T 1−αλ7/4δ−1ǫβeλ(δT )
2/16 + δ−3/2λ−1/4
)
‖u‖Xα(QT ),
We take in this inequality λ = 16δ−16/T 2 (≥ 16/T 2). We get by using that√
8 ρ ≤ δT ≤ √8 ρ
C‖u(·, t0)‖H1(Ω)
≤ ec/ǫec0δ−14
(
‖Pu‖L2(QT ) + ‖u‖L2(ΣT ) + ‖∇u‖L2(ΣT )‖u‖H1(Jδ/2,L2(Ω))
)
+
(
ǫβec0δ
−14
+ δ2
)
‖u‖Xα(QT ),
for some positive constant c0. This inequality with ǫ chosen so that ǫ
β = e−2c0δ
−14
yields
C‖u(·, t0)‖H1(Ω) ≤ δ2‖u‖Xα(QT )
+ e2(cδ
−14)
(
‖Pu‖L2(QT ) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ) + ‖u‖H1(Jδ/2,L2(Ω))
)
as expected. 
The following lemma is a consequence of [10, Lemma 3.1] with (t0, t1) = (0, 1)
and a change of variable.
Lemma 4.1. Let X be a Banach space with norm ‖ · ‖ and s ∈ (0, 1/2). There
exists a constant c > 0 so that, for any t0 < t1 and u ∈ Hs((t0, t1), X), we have∥∥∥ u
ds
∥∥∥
L2((t0,t1),X)
≤ c(t1 − t0)−2smax(1, (t1 − t0)−1+2s)‖u‖Hs((t0,t1),X).
Here d = d(t) = min{|t− t0|, |t− t1|}.
Corollary 4.1. Let s ∈ (0, 1/2) and T0 > 0. There exist two constants C > 0 and
c > 0, only depending on Ω, κ, κ, s, ρ, ρ, T0 and α, so that, for any T ≥ T0,
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u ∈ C1,α(QT ) ∩H2(QT ) and δ ∈ I, we have
C‖u‖L2(IT ,H1(Ω)) ≤ δs‖u‖Xα(QT )
+ e2(cδ
−14)
(
‖Pu‖L2(QT ) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ) + ‖u‖H1(J
δ/2
,L2(Ω)
)) .
Proof. First, noting that Jδ/2 ⊂ Jδ/2, 0 < δ ≤ δ, we get by integrating, with respect
to t0, both sides of the inequality in Proposition 4.1
C‖u‖L2(I(1−δ)T ,H1(Ω)) ≤ δ‖u‖Xα(QT )
(4.4)
+ e2(cδ
−14)
(
‖Pu‖L2(QT ) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ) + ‖u‖H1(J
δ/2
,L2(Ω).
)) ,
where we used
∣∣I(1−δ)T ∣∣ ≤ 2T ≤ 2√8 ρδ−1.
On the other hand we have from Lemma 4.1, by noting that
√
8 ρ ≤ δT =
T − (1− δ)T ≤ √8 δ,
(4.5) ‖u‖L2(J(1−δ)T ,H1(Ω)) ≤ C
′δs‖u‖H1(IT ,H1(Ω)).
The expected inequality follows in a straightforward manner by adding side by
side inequalities (4.4) and (4.5). 
Next, we show that the term ‖u‖
H1
(
J
δ/2
,L2(Ω)
) in the inequality of Corollary 4.1
can be bounded by a quantity involving only boundary terms and Pu.
Lemma 4.2. For u ∈ H2(QT ), we have
e−cδ
−1‖u‖
H1
(
J
δ/2
,L2(Ω)
) ≤ ‖Pu‖
H1
(
J
δ/2
,L2(Ω)
) + ‖∇u(·, T )‖L2(Ω) + ‖∇∂tu(·, T )‖L2(Ω)
+ ‖∇u(·,−T )‖L2(Ω) + ‖∇∂tu(·,−T )‖L2(Ω)
+ ‖u‖
H1
(
J
δ/2
,L2(∂Ω)
) + ‖∂νu‖H1(J
δ/2
,L2(∂Ω)
),
the constant c only depends on ρ.
Proof. Let u ∈ H2(QT ). We then get by mimicking the proof of the usual energy
estimatesˆ
Ω
A∇′u(x, t) · ∇′u(x, t)dx +
ˆ
Ω
[∂tu(x, t)]
2
dx
=
ˆ T
t
ˆ
Ω
Pu(x, s)∂tu(x, s)dxds+
ˆ T
t
ˆ
∂Ω
u(x, t)∂νu(x, t)dσ(x)dt
+
ˆ
Ω
A∇′u(·, T ) · ∇′u(·, T )dx+
ˆ
Ω
[∂tu(·, T )]2 dx.
Since ∣∣∣∣∣
ˆ T
t
ˆ
Ω
Pu(x, s)∂tu(x, s)dxds
∣∣∣∣∣ ≤ 12
ˆ T
t
ˆ
Ω
Pu(x, s)2dxds
+
1
2
ˆ T
t
ˆ
Ω
[∂tu(x, s)]
2dxds
16 MOURAD BELLASOUED AND MOURAD CHOULLI
and ˆ T
t
ˆ
∂Ω
u(x, s)∂νu(x, s)dS(x)ds ≤ 1
2
ˆ T
t
ˆ
∂Ω
u2(x, t)dσ(x)ds
+
1
2
ˆ T
t
ˆ
∂Ω
(∂νu(x, s))
2dσ(x)ds,
we find, where t ∈ ((1− δ/2)T, T ),
ˆ
Ω
A∇′u(x, t) · ∇′u(x, t)dx +
ˆ
Ω
[∂tu(x, t)]
2
dx ≤(4.6)
Φ +
1
2
ˆ T
t
ˆ
Ω
[∂tu(x, s)]
2dxds,
with
Φ =
1
2
ˆ T
(1−δ/2)T
ˆ
Ω
Pu(x, s)2dxds+
ˆ
Ω
A∇′u(·, T ) · ∇′u(·, T )dx+
ˆ
Ω
[∂tu(·, T )]2 dx
+
1
2
ˆ T
(1−δ/2)T
ˆ
∂Ω
u2(x, t)dσ(x)ds +
1
2
ˆ T
(1−δ/2)T
ˆ
∂Ω
(∂νu(x, s))
2dσ(x)ds.
In particular (4.6) yields
ˆ
Ω
[∂tu(x, t)]
2 dx ≤ Φ + 1
2
ˆ T
t
ˆ
Ω
[∂tu(x, s)]
2dxds.
Applying Grönwall’s lemma, we obtain
ˆ
Ω
[∂tu(x, t)]
2
dx ≤ Φ
ˆ T
t
e(τ−t)/2dτ ≤ TeT/2Φ ≤ ecδ−1Φ.
Here and henceforward c is a constant only depending on ρ.
This in (4.6) gives ˆ
Ω
A∇′u(x, t) · ∇′u(x, t)dx ≤ ecδ−1Φ.
As A∇′u(x, t) · ∇′u(x, t) ≥ κ|∇′u(x, t)|2, we have
‖∇u‖2
L2(Ω×((1−δ/2)T,T)) ≤ e
cδ−1Φ.
Using that
w ∈ H1(Ω)→
(
‖∇′u‖2L2(Ω) + ‖u‖2L2(∂Ω)
) 1
2
defines an equivalent norm on H1(Ω), we deduce
‖u‖2
L2(Ω×((1−δ/2)T,T)) ≤ e
cδ−1Φ.
That is
e−cδ
−1‖u‖L2(Ω×((1−δ/2)T,T)) ≤ ‖Pu‖L2(Ω×((1−δ/2)T,T)) + ‖∇u(·, T )‖L2(Ω)
+ ‖u‖L2(∂Ω×((1−δ/2)T,T)) + ‖∂νu‖L2(∂Ω×((1−δ/2)T,T)).
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Since we have the same inequality when u is substituted by ∂tu, we get
e−cδ
−1‖u‖H1(((1−δ/2)T,T),L2(Ω)) ≤ ‖Pu‖H1(((1−δ/2)T,T),L2(Ω))(4.7)
+ ‖∇u(·, T )‖L2(Ω) + ‖∇∂tu(·, T )‖L2(Ω)
+ ‖u‖H1(((1−δ/2)T,T),L2(∂Ω)) + ‖∂νu‖H1(((1−δ/2)T,T),L2(∂Ω)).
We obtain similarly
e−cδ
−1‖u‖H1((−T,−(1−δ/2)T),L2(Ω))(4.8)
≤ ‖Pu‖H1((−T,−(1−δ/2)T),L2(Ω))
+ ‖∇u(·,−T )‖L2(Ω) + ‖∇∂tu(·,−T )‖L2(Ω)
+ ‖u‖H1((−T,−(1−δ/2)T),L2(∂Ω)) + ‖∇u‖H1((−T,−(1−δ/2)T),L2(∂Ω)).
The expected inequality follows by putting together (4.7) and (4.8). 
Consider the following notation
Dδ(u) = ‖Pu‖H1(IT ,L2(Ω)) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT )
+
∑
ǫ∈{−,+}
1∑
k=0
‖∇∂kt u(·, ǫT )‖L2(Ω) + ‖u‖H1(J
δ/2
,L2(∂Ω)
) + ‖∂νu‖H1(J
δ/2
,L2(∂Ω)
).
In light of Corollary 4.1 and Lemma 3.5, we can state the following result.
Theorem 4.1. Let s ∈ (0, 1/2) and T0 > 0. There exist two constants C > 0 and
c > 0, only depending on Ω, T0, κ, κ, s, ρ, ρ and α, so that, for any T ≥ T0,
u ∈ C1,α(QT ) ∩H2(QT ) and δ ∈ I, we have
C‖u‖L2(IT ,H1(Ω)) ≤ δs‖u‖Xα(QT ) + e2(cδ−14)Dδ(u).
The next step consists in showing that the data at ±T in Dδ(u) can be bounded
by a quantity involving only lateral boundary terms. Prior to do that, we introduce
an extension operator. Fix a < b, let ϕ ∈ C∞0 ((a, b), H3/2(∂Ω)) and denote by
Eϕ(·, t) ∈ H2(Ω) the unique solution of the BVP{
∆ψ = 0 in Ω,
ψ = ϕ on ∂Ω.
By classical elliptic a priori estimates we have
‖Eϕ(·, t)‖H2(Ω) ≤ c0‖ϕ(t)‖H3/2(∂Ω),
the constant c0 only depends on Ω.
One can check in a straightforwardmanner thatEϕ ∈ C∞0 ((a, b), H2(Ω)), ∂kt Eϕ =
E∂kt ϕ and hence
‖∂kt Eϕ(·, t)‖H2(Ω) ≤ c0‖∂kt ϕ(t)‖H3/2(∂Ω).
We deduce that E is extended as a bounded operator, still denoted by E, from
Hk((a, b), H3/2(∂Ω)) into Hk((a, b), H2(Ω)), k ≥ 0 is an integer, in such a way that
‖Eϕ‖Hk((a,b),H2(Ω)) ≤ c0‖ϕ‖Hk((a,b),H3/2(∂Ω)).
Observe that, as H2((a, b), H2(Ω)) is continuously embedded in H2(Ω× (a, b)), we
have in particular
(4.9) ‖Eϕ‖H2(Ω×(a,b)) ≤ c0‖ϕ‖H2((a,b),H3/2(∂Ω)).
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Recall that d is defined by
d = sup
y∈Ω
inf
x∈∂Ω
d(x, y),
with
d(x, y) = inf{L(γ); γ : [0, 1]→ Ω, C1-piecewise path so that γ(0) = x, γ(1) = y},
where L(γ) denotes the length of γ.
Proposition 4.2. Let c1 > c0 > d. There exist three constants C > 0, c > 0
and µ0 > 0, only depending on Ω, κ, κ, c0 and c1, so that, for any c0 ≤ c ≤ c1,
b− a = c, µ ≥ µ0 and u ∈ H3((a, b), H2(Ω)), we have
‖∂tu(·, b)‖L2(Ω) + ‖∂2t u(·, b)‖L2(Ω)(4.10)
≤ Cecµ (‖Pu‖H1((a,b),L2(Ω)) + ‖u‖H3((a,b),H3/2(∂Ω))
+‖∂νu‖H1((a,b);L2(∂Ω))
)
+
C
µ1/2
‖u‖H3((a,b),H1(Ω))
and
‖∇′u(·, b)‖L2(Ω) + ‖∇′∂tu(·, b)‖L2(Ω)(4.11)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω))
+‖∂νu‖L2(∂Ω×(a,b)
)
+
C
µ1/4
‖u‖H2((a,b),H2(Ω)).
Proof. Let u ∈ H3((a, b), H2(Ω)). Then set ϕ = u|∂Ω×(a,b) and v = u − Eϕ. From
[14, Theorem 6.1] or [19, theorem1], there exist three constants C > 0, c > 0 and
µ0 > 0, only depending on Ω, κ, κ and c0 = b− a, so that, for any µ ≥ µ0, we have
‖v(·, b)‖L2(Ω) + ‖∂tv(·, b)‖H−1(Ω)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖PEϕ‖L2(Ω×(a,b))
+‖∂νv‖L2(∂Ω×(a,b)
)
+
C
µ
(‖v(·, b)‖H1(Ω) + ‖∂tv(·, b)‖L2(Ω)) .
On the other hand,∣∣‖u(·, b)‖L2(Ω) − ‖v(·, b)‖L2(Ω)∣∣ ≤ ‖Eϕ(·, b)‖L2(Ω) ≤ c0‖u‖H1((a,b)H3/2(∂Ω)),∣∣‖u(·, b)‖H1(Ω) − ‖v(·, b)‖H1(Ω)∣∣ ≤ c0‖u‖H1((a,b)H3/2(∂Ω)),∣∣‖∂tu(·, b)‖H−1(Ω) − ‖∂tv(·, b)‖H−1(Ω)∣∣ ≤ c0‖u‖H2((a,b),H3/2(∂Ω)),∣∣‖∂tu(·, b)‖L2(Ω) − ‖∂tv(·, b)‖L2(Ω)∣∣ ≤ c0‖u‖H2((a,b),H3/2(∂Ω)),
‖PEϕ‖L2(Ω×(a,b)) ≤ C‖Eϕ‖H2(Ω×(a,b)) ≤ C′‖u‖H2((a,b),H3/2(∂Ω)),
‖∂νv‖L2(∂Ω×(a,b)) ≤ ‖∂νu‖L2(∂Ω×(a,b)) + c0‖u‖L2((a,b),H3/2(∂Ω)).
Whence
‖u(·, b)‖L2(Ω) + ‖∂tu(·, b)‖H−1(Ω)(4.12)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω)) + ‖∂νu‖L2(∂Ω×(a,b))
+
C
µ
(‖u(·, b)‖H1(Ω) + ‖∂tu(·, b)‖L2(Ω)) .
From the usual interpolation inequalities, we have
‖∂tu(·, b)‖L2(Ω) ≤ c1‖∂tu(·, b)‖1/2H−1(Ω)‖∂tu(·, b)‖1/2H1(Ω),
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the constant c1 only depends on Ω. Hence
C‖∂tu(·, b)‖L2(Ω) ≤ ǫ‖∂tu(·, b)‖H1(Ω) + ǫ−1‖∂tu(·, b)‖H−1(Ω), ǫ > 0.
This in (4.12) yields
‖u(·, b)‖L2(Ω) + ‖∂tu(·, b)‖L2(Ω)
(4.13)
≤ Cecµǫ−1 (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω)) + ‖∂νu‖L2(∂Ω×(a,b))
+
C
µ
ǫ−1
(‖u(·, b)‖H1(Ω) + ‖∂tu(·, b)‖L2(Ω))+ ǫ‖∂tu(·, b)‖H1(Ω).
We get by taking ǫ = µ−1/2 in (4.13)
‖u(·, b)‖L2(Ω) + ‖∂tu(·, b)‖L2(Ω)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω)) + ‖∂νu‖L2(∂Ω×(a,b))
+
C
µ1/2
(‖u(·, b)‖H1(Ω) + ‖∂tu(·, b)‖H1(Ω)) .
Thus
‖u(·, b)‖L2(Ω) + ‖∂tu(·, b)‖L2(Ω)(4.14)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω))
+‖∂νu‖L2(∂Ω×(a,b)
)
+
C
µ1/2
‖u‖H2((a,b),H1(Ω)).
Now (4.14) together with (4.14) with u substituted by ∂tu imply
‖∂tu(·, b)‖L2(Ω) + ‖∂2t u(·, b)‖L2(Ω)
≤ Cecµ (‖Pu‖H1((a,b),L2(Ω)) + ‖u‖H3((a,b),H3/2(∂Ω))
+‖∂νu‖H1((a,b);L2(∂Ω))
)
+
C
µ
1
2
‖u‖H3((a,b),H1(Ω)).
That is we proved (4.10) for c0.
As before, we get from usual interpolation inequalities
C‖∇′u(·, b)‖L2(Ω) ≤ ǫ‖u(·, b)‖H2(Ω) + ǫ−1‖u(·, b)‖L2(Ω).
This in (4.14) yields
‖∇′u(·, b)‖L2(Ω) + ‖∇′∂tu(·, b)‖L2(Ω)
≤ Cecµǫ−1 (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω)) + ‖∂νu‖L2(∂Ω×(a,b))
+
C
µ1/2
ǫ−1‖u‖H2((a,b),H1(Ω)) + ǫ‖u‖H2((a,b),H2(Ω)).
We deduce from this inequality the following one
‖∇′u(·, b)‖L2(Ω) + ‖∇′∂tu(·, b)‖L2(Ω)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω))
+‖∂νu‖L2(∂Ω×(a,b)
)
+
C
µ1/4
‖u‖H2((a,b),H2(Ω)).
This is exactly inequality (4.11) for c0.
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Next, let c0 ≤ c ≤ c1 and b− a = c. If u ∈ H3((a, b), H2(Ω)) we set a0 = c0a/c,
b0 = c0b/c and v(x, t) = u(x, ct/c0), (x, t) ∈ Ω× (a0, b0). In that case we have
c2
c20
A(x)v(x, t) − ∂2t v(x, t) =
c2
c20
(A(x)u(x, ct/c0)− ∂tu(x, ct/c0)) .
Checking carefully the proof of [19, Theorem 1] we see that (4.10) and (4.11) can
be obtained uniformly with respect to c for the operator (c2/c20)A(x) − ∂2t in the
domain Ω× (a0, b0). These observations allow us to complete the proof. 
We recall the following notations we defined in the introduction
N (u) = ‖u‖Yα(QT ),
D(u) = ‖Pu‖H1(IT ,L2(Ω)),
Dδ(u) = ‖u‖H3(J
δ/2
,H3/2(∂Ω)
) + ‖∂νu‖H1(J
δ/2
,L2(∂Ω)
)
+ ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT )
and set
D˜(u) =
∑
ǫ∈{−,+}
1∑
k=0
‖∇∂kt u(·, ǫT )‖L2(Ω).
Let T0 > d, d <
√
8 ρ < T0 and 0 < ρ < ρ. In that case δT =
√
8 ρ > d for any
T ≥ T0. Therefore, since
√
8 ρ ≤ δT ≤ √8 ρ, we deduce from (4.10) and (4.11)
(4.15) CD˜(u) ≤ ecµ (D(u) +Dδ(u))+ µ−1/4N (u), µ ≥ µ0,
the constants C, c and µ0 only depend on Ω, T0, κ, κ and ρ.
This and Theorem 4.1 give, with δ ∈ I,
C‖u‖L2(IT ,H1(Ω)) ≤ δsN (u)
+ e2(cδ
−14)
(
D(u) + ecµ(D(u) +Dδ(u)) + µ−1/4N (u) +Dδ(u)
)
,
the constants C, c and µ0 only depend on Ω, κ, κ, T0, ρ and ρ.
In this inequality, we may substitute c by λc with λ ≥ 1 sufficiently large in such
a way that δ
−s
e2(λcδ
−14
) > µ
1/4
0 .
We take µ ≥ µ0 in the preceding inequality so that e2(cδ−14)µ− 14 = δs in order
to obtain
C‖u‖L2(IT ,H1(Ω)) ≤ δsN (u) + e3(cδ−14)
(D(u) +Dδ(u)) .
This completes the proof of Theorem 1.1.
As a straightforward consequence of Theorem 1.1, we have the following unique-
ness of continuation result.
Corollary 4.2. Let T0 > d and d <
√
8 ρ < T0. If T ≥ T0 and u ∈ Yα(QT )
satisfying Pu = 0 in QT then u = ∂νu = 0 on (Jδ/2 × ∂Ω) ∪ ΣT implies u = 0 in
QT .
Similarly to the elliptic case, we deduce from Theorem 1.1 a stability estimate.
Set ̺∗ = e−e and, for β > 0 and ̺0 ≤ ̺∗,
Ψ̺0,β(̺) =
{
(ln ln | ln ̺|)−β if 0 < ̺ ≤ ̺0,
̺ if ̺ ≥ ̺0.
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Corollary 4.3. Let s ∈ (0, 1/2), b > 0 and assume that T0 > d and d <
√
8 ρ < T0.
Then there exists three constants C > 0 and 0 < ˜̺≤ ̺∗ and Tˆ ≥ T0, only depending
on Ω, κ, κ, ρ, ρ, s and α, Tˆ depending also on b, so that, for any T ≥ Tˆ ,
u ∈ Yα(QT ) satisfying u 6= 0 and
D(u) +Dδ(u)
N (u) ≤ b,
we have
‖u‖L2(IT ,H1(Ω)) ≤ N (u)Ψρ˜,s/8 (b) .
Proof. Pick u ∈ Yα(QT ), u 6= 0, set
a =
‖u‖L2(IT ,H1(Ω))
N (u)
and assume that
D(u) +Dδ(u)
N (u) ≤ b.
In light of (1.4) we get
(4.16) Ca ≤ δs + e3(cδ−14)b, δ ∈ Iˆ,
the constants C and c only depend on Ω, T0, κ, κ, ρ, ρ, s and α.
Define the function ℓ by ℓ(δ) = δse−e3(cδ
−14). If b < min(ℓ(δ), ̺∗) = ˜̺ then there
exists δ˜ ≤ δ so that ℓ(δ˜) = b. Changing c if necessary, we have
1
b
≤ e3(cδ˜−14).
Or equivalently
δ˜ ≤ c[ln ln | ln b|]−1/14.
But there exists Tˆ ≥ T0 so that δ˜ ≥ δ =
√
8 ρ/T , for any T ≥ Tˆ . Then it follows
readily by taking δ = δ˜ in (4.16) that
(4.17) Ca ≤ [ln ln | ln b|]−s/14.
If b ≥ ˜̺ then obviously we have
(4.18) a ≤ 1 ≤ b
˜̺
.
The result follows then from (4.17) and (4.18). 
5. Comments
As before Γ is a nonempty open subset of ∂Ω. Define then
dΓ = sup
y∈Ω
inf
x∈Γ
d(x, y),
with
d(x, y) = inf{L(γ); γ : [0, 1]→ Ω, C1-piecewise path so that γ(0) = x, γ(1) = y},
where L(γ) denotes the length of γ.
Similarly to the proof Proposition 4.2, we get, by applying [14, Theorem 6.1]
and without using an extension operator, the following result.
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Proposition 5.1. Let c > c0 > dΓ. There exist three constants C > 0, c > 0 and
µ0 > 0, only depending on Ω, Γ, κ, κ, so that, for any c0 ≤ c ≤ c1, b − a = c,
µ ≥ µ0 and u ∈ H3((a, b), H2(Ω) ∩H10 (Ω)), we have
‖∂tu(·, b)‖L2(Ω) + ‖∂2t u(·, b)‖L2(Ω)
≤ Cecµ (‖Pu‖H1((a,b),L2(Ω)) + ‖∂νu‖H1((a,b);L2(Γ)))
+
C
µ1/2
‖u‖H3((a,b),H1(Ω))
and
‖∇′u(·, b)‖L2(Ω) + ‖∇′∂tu(·, b)‖L2(Ω)
≤ Cecµ (‖Pu‖L2(Ω×(a,b)) + ‖∂νu‖L2(Γ×(a,b))
+
C
µ1/4
‖u‖H2((a,b),H2(Ω)).
We recall the following notations that we already defined in the previous sections
N (u) = ‖u‖Yα(QT ),
D(u) = ‖Pu‖H1(IT ,L2(Ω)),
D˜(u) =
∑
ǫ∈{−,+}
1∑
k=0
‖∇∂kt u(·, ǫT )‖L2(Ω)
and set
Dˆ(u) = ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT ).
In light of Proposition 5.1, we get by mimicking the proof of Theorem 1.1 the
following result.
Theorem 5.1. Let s ∈ (0, 1/2), Γ be a nonempty open subset of ∂Ω, T0 > dΓ,
dΓ <
√
8 ρ < T0 and 0 < ρ < ρ. There exist two constants C > 0 and c > 0, only
depending on Ω, T0, κ, κ, ρ, ρ, s and α, so that, for any T ≥ T0, u ∈ Yα(QT )
satisfying u = 0 on Jδ/2 × ∂Ω and δ ∈ [
√
8 ρ/T,
√
8 ρ/T ], we have
C‖u‖L2(IT ,H1(Ω)) ≤ δsN (u) + e3
(
cδ−14
)(D(u) + Dˆ(u)) .
This theorem has to be compared with the following one which is contained in
[14, Theorem 6.3].
Theorem 5.2. Let Γ be a nonempty open subset of ∂Ω and T > dΓ. There exist
four constants C > 0, c > 0, µ0 > 0 and 0 < T˜ < T , only depending on Ω, T , κ,
κ, so that, for any u ∈ H1(IT , H2(Ω) ∩H10 (Ω)) and µ ≥ µ0, we have
C‖u‖L2(QT˜ ) ≤ Cecµ
(‖∂νu‖L2(ΣT ) + ‖Pu‖L2(QT ))+ Cµ ‖u‖H1(QT ).
It is worth mentioning that we have a variant of Theorem 5.1 for functions
u ∈ Yα(QT ) satisfying u = 0 on Jδ/2 × (∂Ω \ Γ0), Γ0 ⋐ Γ. This follows by
substituting in the proof of Proposition 4.2 v = u − Eϕ by v = u − Eχϕ with
χ ∈ C∞0 (Rn) satisfying suppχ ∩ ∂Ω ⊂ Γ and χ = 1 on Γ0.
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6. A particular case
We aim in this section to improve the result of Theorem 1.1. We precisely show
that, under a “smallness” condition on the coefficients of the matrix A, the term
e3(cδ
−14) in the inequality of Theorem 1.1 can be improved by e2(cδ−14). In other
words we have a better stability result.
The analysis we carry out in this section consists in an adaptation of known
ideas used to establish observability inequalities via the multiplier method for the
wave equation ∂2t − ∆. We refer for instance to [13, Subsection 3.1, page 35]. In
the variable coefficients case similar approach was used in [20] with a geometric
viewpoint, i.e by considering the metric generated by (aij). The condition on A is
then interpreted in term of the corresponding sectional curvature.
We start by establishing an identity involving a usual multiplier. To this end,
fix x0 ∈ Ω arbitrary and let m(x) = x− x0.
Let u ∈ H2(Ω × (a, b)) satisfying u = 0 on ∂Ω × (a, b). We find by making an
integration by partsˆ
Ω
div(A∇′u)(m · ∇′u)dx =−
ˆ
Ω
A∇′u · ∇′(m · ∇′u)dx(6.1)
+
ˆ
∂Ω
(A∇′u · ν)(m · ∇′u)dσ(x).
Use ∇′u = ∂νu ν in (6.1) in order to getˆ
Ω
div(A∇′u)(m · ∇u)dx =−
ˆ
Ω
A∇′u · ∇′(m · ∇′u)dx(6.2)
+
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x).
We have
n∑
k=1
∂xi(mk∂xku) =
n∑
k=1
(δik∂xku+mk∂xk∂xiu) = ∂xiu+m · ∇∂xiu.
Therefore
A∇′u · ∇′(m · ∇′u) = A∇′u · ∇′u+A∇′u · V,
where V = (v1, . . . , vn) with vi = m · ∇′∂xiu.
Butˆ
Ω
A∇u · V dx =
n∑
i,j,k=1
ˆ
Ω
aij∂xjumk∂xk∂xiudx
= −
n∑
i,j,k=1
ˆ
Ω
aij∂xju∂xiudx−
n∑
i,j,k=1
ˆ
Ω
aij∂xk∂xjumk∂xiudx
−
n∑
i,j,k=1
ˆ
Ω
∂xkaij∂xjumk∂xiudx+
n∑
i,j,k=1
ˆ
∂Ω
aij∂xjumk∂xiuνkdσ(x).
This and the fact that A is a symmetric matrix yield
2
ˆ
Ω
A∇′u·V dx = −n
ˆ
Ω
A∇′u·∇′udx−
ˆ
Ω
B∇′u·∇′udx+
ˆ
∂Ω
(∂νu)
2(Aν·ν)(m·ν)dσ(x).
Here B = (bij) with bij = ∇′aij ·m.
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Whenceˆ
Ω
A∇′u · ∇′(m · ∇′u)dx =
(
1− n
2
)ˆ
Ω
A∇′u · ∇′udx− 1
2
ˆ
Ω
B∇′u · ∇′udx
+
1
2
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x).
This in (6.2) givesˆ
Ω
div(A∇′u)(m · ∇′u)dx =
(n
2
− 1
)ˆ
Ω
A∇′u · ∇′udx+ 1
2
ˆ
Ω
B∇′u · ∇′udx
+
1
2
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x)
implyingˆ b
a
ˆ
Ω
div(A∇′u)(m · ∇′u)dxdt =
(n
2
− 1
)ˆ b
a
ˆ
Ω
A∇′u · ∇udxdt(6.3)
+
1
2
ˆ b
a
ˆ
Ω
B∇′u · ∇′udxdt+
ˆ b
a
1
2
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x)dt.
On the other hand, we haveˆ
Ω
ˆ b
a
∂2t um · ∇′udtdx =
ˆ
Ω
∂tu(·, b)m · ∇′u(·, b)dx
−
ˆ
Ω
∂tu(·, a)m · ∇′u(·, a)dx−
ˆ
Ω
ˆ b
a
∂tum · ∇′∂tudtdx.
An integration by parts givesˆ
Ω
∂tum · ∇′∂tudx = −
ˆ
Ω
m · ∇′∂tu∂tudx− n
ˆ
Ω
(∂tu)
2dx
from which we deduceˆ
Ω
∂tu(m · ∇′∂tu)dx = −n
2
ˆ
Ω
(∂tu)
2dx.
Thus ˆ
Ω
ˆ b
a
∂2t u(m · ∇′u)dtdx =
ˆ
Ω
∂tu(·, b)(m · ∇′u(·, b))dx(6.4)
−
ˆ
Ω
∂tu(·, a)(m · ∇′u(·, a))dx + n
2
ˆ b
a
ˆ
Ω
(∂tu)
2dxdt.
We combine (6.3) and (6.4) in order to get
2
ˆ b
a
ˆ
Ω
Pu(m · ∇′u)dxdt = (n− 2)
ˆ b
a
ˆ
Ω
A∇′u · ∇′udxdt(6.5)
+
ˆ b
a
ˆ
Ω
B∇′u · ∇′udxdt+
ˆ b
a
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x)dt
− 2
ˆ
Ω
∂tu(·, b)(m · ∇′u(·, b))dx+ 2
ˆ
Ω
∂tu(·, a)(m · ∇′u(·, a))dx
− n
ˆ b
a
ˆ
Ω
(∂tu)
2dxdt.
GLOBAL LOGARITHMIC GLOBAL STABILITY RESULTS ON CAUCHY PROBLEM 25
We have also by simple integrations by partsˆ b
a
ˆ
Ω
Puudxdt = −
ˆ b
a
ˆ
Ω
A∇′u · ∇′udxdt+
ˆ b
a
ˆ
Ω
(∂tu)
2dxdt(6.6)
+
ˆ
Ω
∂tu(·, b)u(·, b)dx−
ˆ
Ω
∂tu(·, a)u(·, a)dx.
Let
w = 2(m · ∇′u) + (n− 1)u.
Then, it follows from (6.5) and (6.6)ˆ b
a
ˆ
Ω
Puwdxdt = −
ˆ b
a
ˆ
Ω
A∇′u · ∇′udxdt(6.7)
−
ˆ b
a
ˆ
Ω
(∂tu)
2dxdt+
ˆ b
a
ˆ
Ω
B∇′u · ∇′udxdt
−
ˆ
Ω
∂tu(·, b)w(·, b)dx +
ˆ
Ω
∂tu(·, a)w(·, a)dx
+
ˆ b
a
ˆ
∂Ω
(∂νu)
2(Aν · ν)(x · ν)dσ(x)dt.
Define
Eu(t) =
ˆ
Ω
[
A∇′u(·, t) · ∇′u(·, t) + (∂tu(·, t))2
]
dx.
Then (6.7) can be rewritten as follows
Eu =
ˆ b
a
Eu(t)dt =
ˆ b
a
ˆ
Ω
B∇′u · ∇′udxdt(6.8)
−
[ˆ
Ω
∂tu(·, t)w(·, t)dx
]t=b
t=a
−
ˆ b
a
ˆ
Ω
Puwdxdt
+
ˆ b
a
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x)dt.
In the sequel
d0 = max{|x− y|; x, y ∈ Ω}.
Lemma 6.1. Let u ∈ H2(Ω× (a, b)) satisfying u = 0 on ∂Ω× (a, b) and let ǫ > 0.
Then
(6.9) Eu(a) + Eu(b) ≤
(
2
b− a + ǫ
)
Eu + 2
ǫ
‖Pu‖2L2(Ω×(a,b)).
Proof. Since
E(a) = E(t) + 2
ˆ t
a
ˆ
Ω
Pu(x, s)∂tu(x, s)dxds.
Using an elementary convexity inequality, we get
(6.10) Eu(a) ≤ Eu(t) + 1
ǫ
‖Pu‖2L2(Ω×(a,b)) + ǫ
ˆ t
a
Eu(s)ds.
We have similarly
(6.11) Eu(b) ≤ Eu(t) + 1
ǫ
‖Pu‖2L2(Ω×(a,b)) + ǫ
ˆ b
t
Eu(s)ds.
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The sum, side by side, of (6.10) and (6.11) yields
Eu(a) + Eu(b) ≤ 2E(t) + 2
ǫ
‖Pu‖2L2(Ω×(a,b)) + ǫEu.
Integrating this inequality with respect to t, between a and b, in order to obtain
(6.9). 
Lemma 6.2. Let u ∈ H2(Ω× (a, b)) satisfying u = 0 on ∂Ω× (a, b) and let δ > 0.
Then
(6.12)
∣∣∣∣∣
[ˆ
Ω
∂tu(·, t)w(·, t)dx
]t=b
t=a
∣∣∣∣∣ ≤ δ(Eu(a) + Eu(b)),
with w = 2(m · ∇u) + (n− 1)u and δ = max (δ, d20/δ).
Proof. We first prove
(6.13) ‖w(·, t)‖L2(Ω) ≤ ‖2m · ∇′u(·, t)‖L2(Ω).
We have
‖w(·, t)‖2L2(Ω) − ‖2m · ∇′u(·, t)‖2L2(Ω)
=
ˆ
Ω
[
(n− 1)2u(·, t)2 + 4(n− 1)um · ∇′u(·, t)] dx
=
ˆ
Ω
[
(n− 1)2u2(·, t) + 2(n− 1)m · ∇′u2(·, t)] dx
=
ˆ
Ω
[
(n− 1)2u2(·, t)− 2(n− 1)nu2(·, t)] dx
=
ˆ
Ω
(1− n2)u2(·, t)dx ≤ 0.
This leads immediately to (6.13).
On the other hand, we get by applying Cauchy-Schwarz’s inequality∣∣∣∣ˆ
Ω
∂tu(·, t)w(·, t)dx
∣∣∣∣ ≤ ‖∂tu(·, t)‖L2(Ω)‖w(·, t)‖L2(Ω).
This and (6.13) entail∣∣∣∣ˆ
Ω
∂tu(·, t)w(·, t)dx
∣∣∣∣ ≤ ‖∂tu(·, t)‖L2(Ω)‖2m · ∇′u(·, t)‖L2(Ω)
≤ δ‖∂tu(·, t)‖2L2(Ω) +
d
2
0
δ
‖∇′u(·, t)‖2L2(Ω)
≤ δEu(t),
for which we deduce (6.12) in straightforward manner. 
By Taking ǫ = 2/(b − a) in (6.9) and δ = d0 in (6.12), we obtain the following
corollary.
Corollary 6.1. For u ∈ H2(Ω× (a, b)) satisfying u = 0 on ∂Ω× (a, b), we have
(6.14)
∣∣∣∣∣
[ˆ
Ω
∂tu(·, t)w(·, t)dx
]t=b
t=a
∣∣∣∣∣ ≤ 4d0b− aEu + (b − a)d0‖Pu‖2L2(Ω×(a,b)).
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As B = (∇aij ·m), we find
|B(x)ξ · ξ| ≤ d0κ|ξ|2, x ∈ Ω, ξ ∈ Rn.
Whence a simple computations enable us to get∣∣∣∣∣
ˆ b
a
ˆ
Ω
B∇′u · ∇′udxdt
∣∣∣∣∣ ≤ κd0
ˆ b
a
ˆ
Ω
|∇′u|2dxdt ≤ κκd0Eu,(6.15) ∣∣∣∣∣
ˆ b
a
ˆ
∂Ω
(∂νu)
2(Aν · ν)(m · ν)dσ(x)dt
∣∣∣∣∣ ≤ κd0
ˆ b
a
ˆ
∂Ω
(∂νu)
2dσ(x)dt.(6.16)
In light of (6.13), we obtain, for δ > 0,∣∣∣∣∣
ˆ b
a
ˆ
Ω
Puwdxdt
∣∣∣∣∣ ≤‖Pu‖L2(Ω×(a,b))‖2m · ∇′u‖L2(Ω×(a,b))(6.17)
≤ d0
δ
‖Pu‖2L2(Ω×(a,b)) + δd0‖∇′u‖2L2(Ω×(a,b))
≤ d0
δ
‖Pu‖2L2(Ω×(a,b)) + δκd0Eu.
Then δ = 1/(b− a) in (6.17) yields
(6.18)
∣∣∣∣∣
ˆ b
a
ˆ
Ω
Puwdxdt
∣∣∣∣∣ ≤ κd0b− aEu + d0(b− a)‖Pu‖2L2(Ω×(a,b)).
Inequalities (6.14), (6.15), (6.16) and (6.18) in (6.8) give
Eu ≤ κκd0Eu + (4 + κ)d0
b− a Eu(6.19)
+ 2d0(b− a)‖Pu‖2L2(Ω×(a,b)) + κd0‖∂νu‖2L2(∂Ω×(a,b)).
Then under the condition
(6.20) ̺0 = 1− κκd0 > 0,
inequality (6.19) yields
(6.21) Eu ≤ (4 + κ)d0
̺0(b− a) Eu + 2d0
b− a
̺0
‖Pu‖2L2(Ω×(a,b)) +
d0κ
̺0
‖∂νu‖2L2(∂Ω×(a,b)).
Remark 6.1. Let A0 satisfying conditions (1.2) and (1.3). Then (6.20) holds for
A = λA0, provided that λ < (κκd0)
−1/2.
Next, fix c˜ sufficiently large in such a way that
˜̺ = 1− (4 + κ)d0
̺0c˜
> 0.
In that case we get from (6.21), for c ≥ c˜,
Eu ≤ 2d0c
̺0 ˜̺
‖Pu‖2L2(Ω×(a,b)) +
d0κ
̺0 ˜̺
‖∂νu‖2L2(∂Ω×(a,b)).
This and (6.9) yield the following result.
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Proposition 6.1. Assume that κκd0 < 1 and fix c˜ > 0 such that
c˜ >
(4 + κ)d0
1− κκd0 .
Then there exits a constant C > 0, depending only on n, c˜, d0, κ and κ so that,
for any a, b ∈ R with b− a = c ≥ c˜ and any u ∈ H2(Ω× (a, b)) satisfying u = 0 on
∂Ω× (a, b), we have
‖∇u(·, a)‖L2(Ω) + ‖∇u(·, b)‖L2(Ω) ≤ C
(‖Pu‖L2(Ω×(a,b)) + ‖∂νu‖L2(∂Ω×(a,b))) .
In light of inequality (4.9), we get as a consequence of Proposition 6.1
Corollary 6.2. Assume that κκd0 < 1 and let c˜ > 0 satisfies
c˜ >
(4 + κ)d0
1− κκd0 .
Then there exits a constant C > 0, depending only on n, c˜, d0, κ and κ so that,
for any a, b ∈ R with b − a = c ≥ c˜ and any u ∈ H2((a, b), H2(Ω)), we have
‖∇u(·, a)‖L2(Ω) + ‖∇u(·, b)‖L2(Ω)
≤ C (‖Pu‖L2(Ω×(a,b)) + ‖∂νu‖L2(∂Ω×(a,b)) + ‖u‖H2((a,b),H3/2(∂Ω))) .
Finally, we apply the last corollary to u and ∂tu, respectively with (a, b) =(−T,−(1− δ/2)T ) and (a, b) = ((1 − δ/2)T, T ), and we use that P and ∂t com-
mute. We get
Corollary 6.3. Assume that
κκd0 < 1, T0 >
√
8 ρ >
2(4 + κ)d0
1− κκd0 .
Then there exits a constant C > 0, only depending on n, d0, κ, κ, T0 and ρ, so
that, for any T ≥ T0 and u ∈ H3(IT , H2(Ω)), we have∑
ǫ∈{−,+}
1∑
ℓ=0
‖∇∂ℓtu(·, ǫT )‖L2(Ω) ≤
C
(
‖Pu‖
H1
(
J
δ/2
,L2(Ω)
) + ‖∂νu‖H1(J
δ/2
,L2(∂Ω)
) + ‖u‖
H3
(
J
δ/2
,H3/2(∂Ω)
)) .
Define
D˜δ(u) = ‖Pu‖H1(IT ,L2(Ω)) + ‖u‖H1,1(ΣT ) + ‖∂νu‖L2(ΣT )
+ ‖u‖
H3
(
J
δ/2
,H3/2(∂Ω)
) + ‖∂νu‖H1(J
δ/2
,L2(∂Ω)
).
An immediate consequence of Theorem 4.1 and Corollary 6.3 is
Theorem 6.1. Let s ∈ (0, 1/2) and assume that
κκd0 < 1, T0 >
√
8 ρ >
2(4 + κ)d0
1− κκd0 .
Let 0 < ρ < ρ. Then there exist three constants C > 0, c > 0 and γ > 0, only
depending on Ω, α, T0, κ κ, s, ρ and ρ so that, for any T ≥ T0, u ∈ C1,α(QT ) ∩
H3(IT , H
2(Ω)) and δ ∈ [√8 ρ/T,√8 ρ/T ], we have
C‖u‖L2(IT ,H1(Ω)) ≤ δs‖u‖Xα(QT ) + e2(cδ−14)D˜δ(u).
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Define, for β > 0 and ̺0 ≤ e−1,
Θ̺0,β(̺) =
{
(ln | ln ̺|)−β if 0 < ̺ ≤ ̺0,
̺ if ̺ ≥ ̺0,
that we extend by continuity at ̺ = 0 by setting Θ̺0,β(0) = 0.
We can mimic the proof of Corollary 4.3 in order to obtain the following result.
Corollary 6.4. Let b > 0. Under the assumptions of Theorem 6.1, there exist
C > 0, ̺0 and Tˆ ≥ T0, only depending on Ω, α, T0, κ, κ s and ρ and ̺, Tˆ
depending also on b, so that, for any u ∈ C1,α(QT ) ∩ H3(IT , H2(Ω)) satisfying
u 6= 0 and
D˜δ(u)
‖u‖Xα(QT )
≤ b,
we have
C‖u‖L2(IT ,H1(Ω)) ≤ ‖u‖Xα(QT )Θ̺0,s/8 (b) ,
Appendix A. The Cauchy problem for elliptic equations
Throughout this appendix, D denotes a bounded domain of Rd, d ≥ 2, with
Lipschitz boundary.
We adopt in the sequel Einstein’s summation convention. Each index appearing
both up and down in each term has to be summed from 1 to d.
Carleman and Caccioppoli inequalities. LetR be an arbitrary set and consider
the family of operators (Lr) acting on D, for each r ∈ R, as follows
Lru(x) = div(Ar(x)∇u(x)),
where, Ar = (a
ij
r ), r ∈ R, is a symmetric matrix with coefficients in W 1,∞(D).
We assume that there exist κ ≥ 0 and κ ≥ 1 so that
(A.1) κ−1|ξ|2 ≤ Ar(x)ξ · ξ ≤ κ|ξ|2, x ∈ Ω, ξ ∈ Rd and r ∈ R,
and
(A.2)
d∑
k=1
∣∣∂kaijr (x)ξiξj∣∣ ≤ κ|ξ|2, x ∈ Ω, ξ ∈ Rd, r ∈ R.
Pick 0 ≤ ψ ∈ C2(D) without critical points in D and let ϕ = eλψ. Then the
following Carleman inequality was proved in [8] (see also [9] and [3] for operators
with complex coefficients).
Theorem A.1. There exist three positive constants C, λ0 and τ0, only depending
on ψ, D, κ and κ, so that
C
ˆ
D
(
λ4τ3ϕ3v2 + λ2τϕ|∇v|2) e2τϕdx
≤
ˆ
D
(Lrv)
2e2τϕdx+
ˆ
∂D
(
λ3τ3ϕ3v2 + λτϕ|∇v|2) e2τϕdσ(x),(A.3)
for all r ∈ R and v ∈ H1(D) satisfying Lrv ∈ L2(D), λ ≥ λ0 and τ ≥ τ0.
We now establish a Caccioppoli type inequality that will be useful in the sequel.
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Lemma A.1. Let 0 < k < ℓ. There exists a constant C > 0, only depending on
D, k, ℓ, κ and κ, so that, for any x ∈ D, 0 < ρ < dist(x, ∂D)/ℓ and u ∈ H1(D)
satisfying Lru ∈ L2(D), for some r ∈ R, we have
(A.4) C
ˆ
B(x,kρ)
|∇u|2dy ≤ 1
ρ2
ˆ
B(x,ℓρ)
u2dy +
ˆ
B(x,ℓρ)
(Lru)
2dy.
Proof. We give the proof k = 1 and ℓ = 2. The proof for arbitrary k and ℓ is
similar.
Let x ∈ D, 0 < ρ < dist(x, ∂D)/2, r ∈ R and u ∈ H1(D) satisfying Lru ∈
L2(D). Then
(A.5)
ˆ
D
aijr ∂iu∂jvdy = −
ˆ
D
Lruvdy, v ∈ C10 (D).
Pick χ ∈ C∞0 (B(x, 2ρ)) so that 0 ≤ χ ≤ 1, χ = 1 in a neighborhood of B(x, ρ)
and |∂γχ| ≤ cρ−|γ| for |γ| ≤ 2, where c is a constant independent on ρ. Therefore
identity (A.5) with v = χu givesˆ
D
χaijr ∂iu∂judy = −
ˆ
D
uaijr ∂iu∂jχdy −
ˆ
D
χuLrudy
= −1
2
ˆ
D
aijr ∂iu
2∂jχdy −
ˆ
D
χuLrudy
=
1
2
ˆ
D
u2∂i
(
aijr ∂jχ
)
dy −
ˆ
D
χuLrudy.
But ˆ
D
χaijr ∂iu∂judy ≥ κ
ˆ
D
χ|∇u|2dy.
Whence
C
ˆ
B(x,ρ)
|∇u|2dy ≤ 1
ρ2
ˆ
B(x,2ρ)
u2dy +
ˆ
B(x,2ρ)
(Lru)
2dy
as expected. 
Three-ball inequalities. Consider the elliptic operator L acting on D as follows
Lu(x) = div(A(x)∇u(x)),
where A = (aij) is a symmetric matrix with coefficients in W 1,∞(D) for which
there exist κ > 0 and κ ≥ 1 so that
(A.6) κ−1|ξ|2 ≤ A(x)ξ · ξ ≤ κ|ξ|2, x ∈ D, ξ ∈ Rd,
and
(A.7)
d∑
k=1
∣∣∂kaij(x)ξiξj∣∣ ≤ κ|ξ|2, x ∈ D, ξ ∈ Rd.
Theorem A.2. Let 0 < k < ℓ < m. There exist C > 0 and 0 < γ < 1, only
depending on D, k, ℓ, m, κ and κ, so that, for any v ∈ H1(D) satisfying Lv ∈
L2(D), y ∈ D and 0 < r < dist(y, ∂D)/m, we have
C‖v‖L2(B(y,ℓr)) ≤
(‖v‖L2(B(y,kr)) + ‖Lv‖L2(B(y,mr)))γ ‖v‖1−γL2(B(y,mr)).
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Proof. As in the preceding lemma, we give the proof when k = 3/2, ℓ = 2 and
m = 7/2. The proof of arbitrary k, ℓ and m is similar.
Let v ∈ H1(D) satisfying Lv ∈ L2(D) and set B(s) = B(0, s), s > 0. Fix y ∈ D
and
0 < r < ry = 2dist(y, ∂D)/7 (≤ 2diam(D)/7) .
Let
w(x) = v(rx + y), x ∈ B(3).
Then straightforward computations show that
(A.8) Lrw = div(Ar∇w) = r2Lv(rx + y) in B(7/2),
where
Ar(x) = (a
ij
r (x)), a
ij
r (x) = a
ij(rx + y).
It is not hard to see that the family (Ar) satisfies (A.6) and (A.7), uniformly
with respect to r ∈ (0, ry).
Set
U = {x ∈ Rn; 1/2 < |x| < 3} , K = {x ∈ Rn; 1 ≤ |x| ≤ 5/2}
and pick χ ∈ C∞0 (U) satisfying 0 ≤ χ ≤ 1 and χ = 1 in a neighborhood of K.
We get by applying Theorem A.1 to χw, with D is substituted by U , for λ ≥ λ0
and τ ≥ τ0,
C
ˆ
B(2)\B(1)
(
λ4τ3ϕ3w2 + λ2τϕ|∇w|2) e2τϕdx(A.9)
≤
ˆ
B(3)
(Lr(χw))
2e2τϕdx.
We have Lr(χw) = χLrw +Qr(w), with
Qr(w) = ∂jχa
ij
r ∂iw + ∂j(a
ij
r w)∂iw + a
ij
r ∂
2
ijχw,
suppQrw ⊂ {1/2 ≤ |x| ≤ 1} ∪ {5/2 ≤ |x| ≤ 3}
and
(Qrw)
2 ≤ Λ(w2 + |∇w|2),
the constant Λ is independent on r. Therefore, fixing λ and changing τ0 if necessary,
(A.8) yields, for τ ≥ τ0,
C
ˆ
B(2)
(
w2 + |∇w|2) e2τϕdx ≤ ˆ
B(1)
(
w2 + |∇w|2) e2τϕdx(A.10)
+
ˆ
B(3)
(Lrw)
2e2τϕdx +
ˆ
{5/2≤|x|≤3}
(
w2 + |∇w|2) e2τϕdx.
We get by taking ψ(x) = 9 − |x|2 in (A.10), which is without critical points in
U , for τ ≥ τ0,
C
ˆ
B(2)
(
w2 + |∇w|2) dx ≤ e−βτ ˆ
B(3)
(
w2 + |∇w|2) dx(A.11)
+ eατ
[ˆ
B(1)
(
w2 + |∇w|2) dx+ ˆ
B(3)
(Lrw)
2dx
]
,
where
α =
(
e9λ − e5λ) , β = (e5λ − e11λ/4) .
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On the other hand, we have from Caccioppoli’s inequality (A.4)
C
ˆ
B(1)
|∇w|2dx ≤
ˆ
B(3/2)
w2dx +
ˆ
B(3/2)
(Lrw)
2dx,(A.12)
C
ˆ
B(3)
|∇w|2dx ≤
ˆ
B(7/2)
w2dx +
ˆ
B(7/2)
(Lrw)
2dx.(A.13)
Inequalities (A.12) and (A.13) in (A.11) give
C
ˆ
B(2)
w2dx ≤ eατ
[ˆ
B(3/2)
w2dx+
ˆ
B(7/2)
(Lrw)
2dx
]
(A.14)
+ e−βτ
ˆ
B(7/2)
w2dx.
We proceed as in the last part of the proof of [8, Theorem 2.17, page 21] in order
to derive from (A.14)
(A.15) C‖w‖L2(B(2)) ≤
(‖w‖L2(B(3/2)) + ‖Lrw‖L2(B(7/2)))γ ‖w‖1−γL2(B(7/2)),
with γ = α/(α+ β).
We obtain in a straightforward manner from (A.15)
C‖v‖L2(B(y,2r)) ≤
(‖v‖L2(B(y,3r/2)) + ‖Lv‖L2(B(y,7r/2)))γ ‖v‖1−γL2(B(y,7r/2)).
This is the expected inequality. 
Prior to state the three-ball inequality for the gradient, we demonstrate a gen-
eralized Poincaré-Wirtinger type inequality. To this end, if O is an arbitrary open
bounded subset of Rd, f ∈ L2(O) and E ⊂ O is Lebesgue-measurable set with non
zero Lebesgue measure |E|, define
ME(f) =
1
|E|
ˆ
E
f(x)dx.
The following lemma can be deduced from [16, Theorem 1]. For sake of com-
pleteness, we provide here a simple proof.
Lemma A.2. Let O is an arbitrary open bounded subset of Rd. There exists a
constant ℵ, only depending on O, so that, for any f ∈ L2(O) and E ⊂ O Lebesgue-
measurable set with non zero Lebesgue measure |E|, we have
(A.16) ‖f −ME(f)‖L2(O) ≤ ℵ|O|
1/2
|E|1/2 ‖∇f‖L2(O).
Proof. A simple application of Cauchy-Schwarz’s inequality gives
(A.17) ‖ME(f)‖L2(O) ≤ |O|
1/2
|E|1/2 ‖f‖L2(O).
Inequality (A.17), with E = O and f substituted by f −ME(f), yields
(A.18) ‖MO(f −ME(f))‖L2(O) ≤ ‖f −ME(f)‖L2(O).
On the other hand, by the classical Poincaré-Wirtinger’s inequality, there exists a
constant ℵ, only depending on O, so that
(A.19) ‖f −MO(f)‖L2(O) ≤ (ℵ/2)‖∇f‖L2(O).
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Now, as ME(MO(f)) =MO(f), we have
f −ME(f) = f −MO(f)−ME(f −MO(f)).
We then obtain in light of (A.17)
‖f −ME(f)‖L2(O) ≤
(
1 +
|O|1/2
|E|1/2
)
‖f −MO(f)‖L2(O)
entailing
‖f −ME(f)‖L2(O) ≤ 2 |O|
1/2
|E|1/2 ‖f −MO(f)‖L2(O).
Whence
‖f −ME(f)‖L2(O) ≤ ℵ|O|
1/2
|E|1/2 ‖∇f‖L2(O)
as expected. 
Theorem A.3. Let 0 < k < ℓ < m. There exist C > 0 and 0 < γ < 1, only
depending on D, k, ℓ, m, κ and κ, so that, for any v ∈ H1(D) satisfying Lv ∈
L2(D), y ∈ D and 0 < r < dist(y, ∂D)/m.
C‖∇v‖L2(B(y,ℓr)) ≤
(‖∇v‖L2(B(y,kr)) + ‖Lv‖L2(B(y,mr)))γ ‖∇v‖1−γL2(B(y,mr)).
Proof. We keep the notations of the proof of Theorem A.2. We apply the generalized
Poincaré-Wirtinger’s inequality (A.16) in order to obtain, where
̺ =
1
|B(1)|
ˆ
B(1)
w(x)dx,
ˆ
B(1)
(w − ̺)2dx ≤ C
ˆ
B(1)
|∇w|2dx,(A.20)
ˆ
B(3)
(w − ̺)2dx ≤ C
ˆ
B(3)
|∇w|2dx.(A.21)
On the other hand (A.11), in which w is substituted by w − ̺, gives
C
ˆ
B(2)
|∇w|2dx ≤ e−βτ
ˆ
B(3)
(
(w − ̺)2 + |∇w|2) dx(A.22)
+ eατ
[ˆ
B(1)
(
(w − ̺)2 + |∇w|2) dx+ ˆ
B(3)
(Lrw)
2dx
]
.
Using (A.20) and (A.21) in (A.22), we get
C
ˆ
B(2)
|∇w|2dx ≤ eατ
[ˆ
B(1)
|∇w|2dx+
ˆ
B(3)
(Lrw)
2dx
]
+ e−βτ
ˆ
B(3)
|∇w|2dx.
The rest of the proof is identical to that of Theorem A.2. 
Stability of the Cauchy problem. The following lemma will be useful in the
sequel.
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Lemma A.3. Let (ηk) be a sequence of real numbers satisfying 0 < ηk ≤ 1, k ∈ N,
and
ηk+1 ≤ c(ηk + b)γ , k ∈ N,
for some constants 0 < γ < 1, b > 0 and c ≥ 1. Then
(A.23) ηk ≤ C(η0 + b)γk ,
where C = (2c)
1
1−γ .
Proof. If η0 + b ≥ 1, (A.23) is trivially satisfied. Assume then that η0 + b < 1. As
b < cbγ < c(ηk + b)
γ , k ∈ N,
we obtain
(A.24) ηk+1 + b ≤ 2c(ηk + b)γ .
If τk = ηk + b, (A.24) can rewritten as follows
τk+1 ≤ 2cτγk , k ∈ N.
A simple induction in k yields
ηk ≤ (2c)1+γ+...+γk−1τγ
k
0 ≤ (2c)
1
1−γ (η0 + b)
γk .
The proof is then complete. 
Note that, as D is Lipschitz, it has the uniform cone property (we refer for
instance to [12] for more details and a proof). In particular, there exist R > 0 and
θ ∈]0, π/2[ so that, to any x˜ ∈ ∂D we find ξ = ξ(x˜) ∈ Sd−1 with the property that
C(x˜) = {x ∈ Rd; 0 < |x− x˜| < R, (x − x˜) · ξ > |x− x˜| cos θ} ⊂ D.
Proposition A.1. Let 0 < α ≤ 1. There exist three constants C > 0, c > 0, β > 0
and ω ⋐ D, only depending on D, κ and κ, so that:
(1) for any u ∈ H1(D) ∩ C0,α(D) with Lu ∈ L2(D) and 0 < ǫ < 1, we have
C‖u‖L∞(∂D) ≤ ec/ǫ
(‖u‖L2(ω) + ‖Lu‖L2(D))+ ǫβ ([u]α + ‖u‖L2(D)) ,
(2) for any u ∈ C1,α(D) with Lu ∈ L2(D) and 0 < ǫ < 1, we have
C‖∇u‖L∞(∂D) ≤ ec/ǫ
(‖∇u‖L2(ω) + ‖Lu‖L2(D))+ ǫβ ([∇u]α + ‖u‖L2(D)) .
Here [∇u]α =
(∑d
i=1[∂iu]
2
α
)1/2
.
Proof. Fix x˜ ∈ ∂D and let ξ = ξ(x˜) be as in the above consequence of the uniform
cone property. Let x0 = x˜+(R/2)ξ, δ0 = |x0− x˜| and ρ0 = (δ0/3) sin θ. It is worth
noting that B(x0, 3ρ0) ⊂ C(x˜).
Define the sequence of balls (B(xk, 3ρk)) as follows
xk+1 = xk − αkξ,
ρk+1 = µρk,
δk+1 = µδk,
where
δk = |xk − x˜|, ρk = ̟δk, αk = (1− µ)δk,
with
̟ =
sin θ
3
, µ =
3− 2 sin θ
3− sin θ .
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This definition guarantees that, for each k, B(xk, 3ρk) ⊂ C(x˜) and
(A.25) B(xk+1, ρk+1) ⊂ B(xk, 2ρk).
Let 0 6= u ∈ H1(D) ∩C0,α(D) with Lu ∈ L2(D). From Theorem A.2, we have
‖u‖L2(B(xk,2ρk)) ≤ C‖u‖1−γL2(B(xk,3ρk))
(‖u‖L2(B(xk,ρk)) + ‖Lu‖L2(B(xk,3ρk)))γ
and then
‖u‖L2(B(xk,2ρk)) ≤ C‖u‖1−γL2(D)
(‖u‖L2(B(xk,ρk)) + ‖Lu‖L2(D))γ .
But B(xk+1, ρk+1) ⊂ B(xk, 2ρk). Hence
‖u‖L2(B(xk+1,ρk+1)) ≤ C‖u‖1−γL2(D)
(‖u‖L2(B(xk,ρk)) + ‖Lu‖L2(D))γ .
Or equivalently
‖u‖L2(B(xk+1,ρk+1))
‖u‖L2(D) ≤ C
(‖u‖L2(B(xk,ρk))
‖u‖L2(D) +
‖Lu‖L2(D)
‖u‖L2(D)
)γ
.
Substituting, if necessary, C by max(C, 1), we may assume that C ≥ 1. We can
then apply Lemma A.3 in order to get
‖u‖L2(B(xk,ρk))
‖u‖L2(D) ≤ C
(‖u‖L2(B(x0,ρ0))
‖u‖L2(D) +
‖Lu‖L2(D)
‖u‖L2(D)
)γk
.
This inequality can be rewritten in the following form
(A.26) ‖u‖L2(B(xk,ρk)) ≤ C
(‖u‖L2(B(x0,ρ0)) + ‖Lu‖L2(D))γk ‖u‖1−γkL2(D).
Applying Young’s inequality, we obtain, for ǫ > 0,
(A.27) C‖u‖L2(B(xk,ρk)) ≤ ǫ
− 1
γk
(‖u‖L2(B(x0,ρ0)) + ‖Lu‖L2(D))+ ǫ 11−γk ‖u‖L2(D).
Now, using that u is Hölder continuous, we get
|u(x˜)| ≤ [u]α|x˜− x|α + |u(x)|, x ∈ B(xk, ρk).
Whence
|Sd−1|ρdk|u(x˜)|2 ≤ 2[u]2α
ˆ
B(xk,ρk)
|x˜− x|2αdx + 2
ˆ
B(xk,ρk)
|u(x)|2dx,
or equivalently
|u(x˜)|2 ≤ 2|Sd−1|−1ρ−dk
(
[u]2α
ˆ
B(xk,ρk)
|x˜− x|2αdx+
ˆ
B(xk,ρk)
|u(x)|2dx
)
.
As δk = µ
kδ0, we have
|x˜− x| ≤ |x˜− xk|+ |xk − x| ≤ δk + ρk = (1 +̟)δk = (1 +̟)µkδ0.
Therefore
|u(x˜)|2 ≤ 2[u]2α(1 +̟)αδα0 µ2αk(A.28)
2|Sd−1|−1(̟δ0)−dµ−dk‖u‖2L2(B(xk,ρk)).
Let
ω =
⋃
x˜∈∂D
B(x0(x˜), ρ0)
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and introduce the following temporary notations
M = [u]α + ‖u‖L2(D),
N = ‖u‖L2(ω) + ‖Lu‖L2(D).
Then (A.28) yields
(A.29) C|u(x˜)| ≤Mµαk + µ−dk2 ‖u‖L2(B(xk,ρk)).
A combination of (A.27) and (A.29) entails
C‖u‖L∞(∂D) ≤ µ− dk2 ǫ−
1
γkN +
(
µαk + µ−
dk
2 ǫ
1
1−γk
)
M, ǫ > 0.
In this inequality we take ǫ > 0 in such a way that µαk = µ−
dk
2 ǫ
1
1−γk . That is
ǫ = µ(
d
2+α)k(1−γk). We obtain
C‖u‖L∞(∂D) ≤ µαk−
k
γk
( d2+α)N + µαkM.
For t > 0, let k be the integer so that k ≤ t < k + 1. Bearing in mind that
0 < µ, γ < 1, by straightforward computations, we deduce from the preceding
inequality
C‖u‖L∞(∂D) ≤ µ−e
ct
N + µαtM.
We end up getting, by taking ect = 1ǫ ,
C‖u‖L∞(∂D) ≤ ec/ǫN + ǫβM, 0 < ǫ < 1,
which is the expected inequality in (1).
We omit the proof of (2) which is quite similar to that of (1). We have only to
apply Theorem A.3 instead of Theorem A.2. 
Proposition A.2. Let ω ⋐ D and ω˜ ⋐ D be nonempty. There exist C > 0 and
β > 0, only depending on D, κ, κ, ω and ω˜, so that, for any u ∈ H1(D) satisfying
Lu ∈ L2(D) and ǫ > 0, we have
C‖u‖L2(ω˜) ≤ ǫβ‖u‖L2(D) + ǫ−1
(‖u‖L2(ω) + ‖Lu‖L2(D)) ,(A.30)
C‖∇u‖L2(ω˜) ≤ ǫβ‖∇u‖L2(D) + ǫ−1
(‖u‖L2(ω) + ‖Lu‖L2(D)) .(A.31)
Proof. Since the proof of (A.30) and (A.31) are similar, we limit ourselves to the
proof of (A.30).
Fix x0 ∈ ω and x ∈ ω˜. Then there exists (see for instance [8, page 29]) a sequence
of balls B(xj , r), r > 0, j = 0, . . . , N , so that
B(x0, r) ⊂ ω,
B(xj+1, r) ⊂ B(xj , 2r), j = 0, . . . , N − 1,
x ∈ B(xN , r),
B(xj , 3r) ⊂ Ω, j = 0, . . . , N.
We get then by applying Theorem A.2
‖u‖L2(B(xj,2r)) ≤ C‖u‖1−γL2(B(xj ,3r))
(‖u‖L2(B(xj,r)) + ‖Lu‖L2(D))γ , 1 ≤ j ≤ N,
the constants C > 0 and 0 < γ < 1 only depend on D, κ and κ.
We proceed as in the proof of Proposition A.1 in order to obtain
‖u‖L2(B(xN ,2r)) ≤ C‖u‖1−γ
N
L2(B(xj ,3r))
(‖u‖L2(B(x0,r)) + ‖Lu‖L2(D))γN .
Combined with Young’s inequality, this estimate yields
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C‖u‖L2(B(xN ,2r)) ≤ ǫβ‖u‖L2(D) + ǫ−1
(‖u‖L2(ω) + ‖Lu‖L2(D)) ,
where β = γ
N
1−γN .
As ω˜ is compact, it can be covered by a finite number of balls B(xN , r), that we
denote by
B(x1N , r), . . . , B(x
ℓ
N , r).
Hence
‖u‖L2(ω˜) ≤
ℓ∑
i=1
‖u‖L2(B(xi
N
,r)).
Whence
C‖u‖L2(ω˜) ≤ ǫβ‖u‖L2(D) + ǫ−1
(‖u‖L2(ω) + ‖Lu‖L2(D)) .

Proposition A.3. Let C be a nonempty open subset of ∂D. There exist two con-
stants C > 0 and γ > 0 and ω0 ⋐ D, only depending on D, κ, κ and C, so that,
for any u ∈ H1(Ω) satisfying Lu ∈ L2(D), we have
C‖u‖H1(ω0) ≤ ǫγ‖u‖H1(D) + ǫ−1
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D)) , ǫ > 0.
Proof. Take x˜ ∈ C. Bearing in mind thatD is locally on one side of its boundary, we
find x0 in the interior of R
n \Ω sufficiently close to x˜ so that ρ = dist(x0,K) < R,
where K = B(x˜, R) ∩ C. Fix then r > 0 in order to satisfy B(x0, ρ + r) ∩ ∂D ⊂ C
and B(x0, ρ+ θr) ∩D 6= ø, for some 0 < θ < 1.
Define
ψ(x) = ln
(ρ+ r)2
|x− x0|2 .
Then
|∇ψ(x)| = 2|x− x0| ≥
2
ρ
, x ∈ D ∩B(x0, ρ+ r).
Pick χ ∈ C∞0 (B(x0, ρ+ r)) satisfying χ = 1 on B(x0, (1 + θ)r/2) .
Let u ∈ H1(D) satisfying Lu ∈ L2(D). As we have seen in the proof of Theorem
A.2,
(L(χu))2 ≤ (Lu)2 +Q(u)2,
with
Q(u)2 ≤ C (u2 + |∇u|2)
and supp(L(χu)) ⊂ U := B(x0, ρ+ r) \B(x0, (1 + θ)r/2).
We get by applying Theorem A.1 to v = χu in D ∩B(x0, ρ+ r), where λ ≥ λ0
is fixed and τ ≥ τ0,
C
ˆ
B(x0,ρ+θr)∩D
e2τϕu2dx ≤
ˆ
U∩D
e2τϕ(u2 + |∇u|2)dx+
ˆ
B(x0,ρ+r)∩D
e2τϕ(Lu)2dx
+
ˆ
B(x0,ρ+r)∩∂D
e2τϕ(u2 + |∇u|2)dσ.
But
ϕ(x) = e
λ ln (ρ+r)
2
|x−x0|2 =
(ρ+ r)2λ
|x− x0|2λ .
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Whence
Ce2τϕ0
ˆ
B(x0,ρ+θr)∩D
u2dx ≤ e2τϕ0
ˆ
U∩D
(u2 + |∇u|2)dx(A.32)
+ e2τϕ2
ˆ
B(x0,ρ+r)
(Lu)2dx+ e2τϕ2
ˆ
B(x0,ρ+r)∩C
(u2 + |∇u|2)dσ,
where
ϕ0 =
(ρ+ r)2λ
(ρ+ θr)2λ
, ϕ1 =
(ρ+ r)2λ
(ρ+ (1 + θ)r/2)2λ
, ϕ2 =
(ρ+ r)2λ
ρ2λ
.
Let
α =
r(1 − θ)λ(ρ + r)2λ
(ρ+ (1 + θ)r/2)2λ+1
and β =
2rλθ(ρ + r)2λ
ρ2λ+1
.
Elementary computations show
ϕ0 − ϕ1 ≥ α and ϕ2 − ϕ0 ≤ β.
These inequalities in (A.32) yield
C
ˆ
B(x0,r+θr)∩D
u2dx ≤ e−ατ
ˆ
U
(u2 + |∇u|2)dx(A.33)
+ eβτ
ˆ
B(x0,ρ+r)∩D
(Lu)2dx+ eβτ
ˆ
B(x0,ρ+r)∩∂D
(u2 + |∇u|2)dσ.
Let ω0 ⋐ ω1 ⋐ B(x0, r + θr) ∩ D. We can then mimic the proof of Caccioppoli’s
inequality in Lemma A.1 in order to obtain
(A.34) C
ˆ
ω0
|∇u|2dx ≤
ˆ
ω1
u2dx+
ˆ
ω1
(Lu)2dx.
Using (A.34) in (A.33), we find
C
ˆ
ω0
(u2 + |∇u|2)dx ≤ e−ατ
ˆ
D
(u2 + |∇u|2)dx
+ eβτ
ˆ
D
(Lu)2dx+ eβτ
ˆ
C
(u2 + |∇u|2)dσ.
Again, we complete the proof similarly to that of Theorem A.2. 
We shall need hereafter the following lemma.
Lemma A.4. ([8]) There exists a constant C > 0, only depending on D and κ, so
that, for any u ∈ H1(D) with Lu ∈ L2(D), we have
(A.35) C‖u‖H1(D) ≤ ‖Lu‖L2(D) + ‖u‖H1/2(∂D).
Theorem A.4. Let C be a nonempty open subset of ∂D and let 0 < α ≤ 1. There
exist C > 0, c > 0 and β > 0, only depending on D, κ, κ, α and C, so that, for
any u ∈ C1,α(D) satisfying Lu ∈ L2(D) and 0 < ǫ < 1, we have
(A.36) C‖u‖H1(D) ≤ ǫβ‖u‖C1,α(D) + ec/ǫ
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D)) .
Proof. Henceforward, the generic constants can only depend on D, κ, κ, α and C.
Let u ∈ C1,α(D) satisfying Lu ∈ L2(D). Then, from Lemma A.4, we have
C‖u‖H1(D) ≤ ‖Lu‖L2(D) + ‖u‖H1/2(∂D).
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By Proposition A.1 and noting that W 1,∞(∂D) is continuously embedded in
H1/2(∂D), there exist β > 0 and ω ⋐ D so that, for any 0 < ǫ < 1,
(A.37) C‖u‖H1(D) ≤ ǫβ‖u‖C1,α(D) + ec/ǫ
(‖u‖H1(ω) + ‖Lu‖L2(D)) .
On the other hand by Proposition A.3, there exist ω0 ⋐ Ω and γ > 0 so that,
for any ǫ1 > 0,
(A.38) C‖u‖H1(ω0) ≤ ǫγ1‖u‖C1,α(D) + ǫ−11
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D)) .
But, by Proposition A.2, there is δ > 0 such that, for any ǫ2 > 0,
(A.39) C‖u‖H1(ω) ≤ ǫδ2‖u‖C1,α(D) + ǫ−12
(‖u‖H1(ω0) + ‖Lu‖L2(D)) .
Estimate (A.38) in (A.39) gives
C‖u‖H1(ω) ≤ (ǫδ2 + ǫ−12 ǫγ1 )‖u‖C1,α(D)
+ ǫ−11 ǫ
−1
2
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D))+ ǫ−12 ‖Lu‖L2(D).
ǫ1 = ǫ
γ+1
δ
2 in this estimate yields, where ̺ =
γ+δ+1
δ ,
C‖u‖H1(ω) ≤ ǫδ2‖u‖C1,α(D)
+ ǫ−̺2
(‖u‖L2(C) + ‖∇u‖L2(C)n + ‖Lu‖L2(D))+ ǫ−12 ‖Lu‖L2(D),
which, in combination with (A.37), produces
C‖u‖H1(D) ≤ (ǫβ + ǫδ2ec/ǫ)‖u‖C1,α(D)
+ ǫ−̺2 e
c/ǫ
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D))+ (ǫ−12 + 1)ec/ǫ‖Lu‖L2(D).
Therefore,
C‖u‖H1(D) ≤ (ǫβ + ǫδ2ec/ǫ)‖u‖C1,α(D)
+
(
ǫ−̺2 + ǫ
−1
2 + 1
)
ec/ǫ
(‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D)) .
We end up getting the expected inequality by taking ǫ2 = e
−2c/(ǫδ). 
As a first consequence of the preceding theorem, we have the uniqueness of
continuation of solutions from Cauchy data on C.
Corollary A.1. Let C be a nonempty open subset of ∂D and let 0 < α ≤ 1. If
u ∈ C1,α(D) satisfies Lu = 0 in D and u = ∂νu = 0 on C, then u = 0.
Define, for c > 0 and β > 0, the function Φc,β by
Φc,β(ρ) =
{ | ln ρ|−β if 0 < ρ < e−c,
ρ if ρ ≥ e−c
that we extend by continuity at ρ = 0 be setting Φc,β(0) = 0.
If C be a nonempty open subset of ∂D is fixed, then we set
D(u) = ‖u‖L2(C) + ‖∇u‖L2(C) + ‖Lu‖L2(D).
Corollary A.2. Let C be a nonempty open subset of ∂D and let 0 < α ≤ 1. There
exist C > 0, c > 0 and β > 0, only depending on D, κ, κ, α and C, so that, for
any 0 6= u ∈ C1,α(D) satisfying Lu ∈ L2(D), we have
(A.40) C‖u‖H1(D) ≤ ‖u‖C1,α(D)Φc,β
(
D(u)
‖u‖C1,α(D)
)
.
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Proof. Pick u ∈ C1,α(D) satisfying Lu ∈ L2(D) and u 6= 0. For simplicity’s sake
we use in this proof the following notations
a = ‖u‖C1,α(D),
b = D(u).
Since u 6= 0, it follows from Corollary A.1 that b 6= 0.
According to Theorem A.4,
(A.41) C
‖u‖H1(D)
a
≤ ǫβ + b
a
ecǫ, 0 < ǫ < 1.
Assume first that b/a < e−c. Since the function ǫ → ǫβe−c/ǫ, extended by conti-
nuity at ǫ = 0, is nondecreasing, we may find 0 < ǫ0 < 1 so that ǫ
β
0e
−c/ǫ0 = b/a.
Therefore
a
b
=
1
ǫβ0
ec/ǫ0 ≤ e(c+β)/ǫ0
and hence
ǫ0 ≤ (c+ β)| ln(b/a)|−1.
Then ǫ = ǫ0 in (A.41) yields the expected inequality in the present case. We end
the proof by noting that (A.40) is obvious satisfied if b/a ≥ e−c. Indeed, in that
case we have C‖u‖H1(D) ≤ a ≤ ecb = ecaΦc,β(b/a). 
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